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ABSTRACT: This paper presents a new set of two step finite difference scheme for the numerical solution of some initial
value second order ordinary differential equations arising from dynamical systems. We applied a combination of non-
standard transformation of the differential components and an interpolation function to create a new simulation model
that can be used to approximate the dynamics of a physical phenomenon whose state equations can be represented by
second order ordinary differential equations. The resulting scheme have been applied to some initial value problems and
has been shown to be very suitable to a class of second order ordinary differential equations with vanishing velocity
components. The schemes have been found to possess desirable qualitative properties and it converges to the analytical

solution.
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1. Introduction
The mathematical formulation of several physical
phenomena results in non-linear ordinary differential
equations, Anguelov and Lubuma (2003). Researchers
have attempted to solve such equations by replacing the
non-linear equations with related linear equations. This
generally approximates the original equations in such a
way that it produces solutions that are close enough to the
dynamics of the behaviour of the original phenomena,
Lambert (1991). Given enough information on the
dynamics of these equations, a non-standard finite
difference method can be used to develop a scheme to
model the equation. Such technique seeks to produce

discrete models that replicate the behavioural properties
of the equation under study.Standard finite difference
methods have been found to be more valuable in finding
solutions at close ranges and around special grid points.
However, looking holistically at the nature of the solution
curves and behavioural patterns of the schemes, we
discovered that most of these standard algorithms produce
solution curves that do not carry along the qualitative
properties of the original dynamic equations, Obayomi
and Oke (2015) and Mickens (2000).In this paper, we are
introducing an interpolating function and using a non-
standard technique to construct finite difference schemes
that will be suitable for the numerical approximation of
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some initial value second order ordinary differential
equations. The non-standard method will help to reduce
the possibility of numerical instability. Since the only
way for a modeler to elicit information about a particular
phenomenon is to perform experiments, we have applied
the developed discrete model to some initial value
problems represented by second order ordinary
differential equations arising from dynamical systems.
2. Derivation of the Schemes
Let us assume an initial value problem of the form

y'= flayy’), vi(xg) = 6 (1)
A non-standard model for a second derivative central
difference scheme may be written as

— Ve =2V ¥
y =T (2)
where  @(h) —h*+0(h*)ash — 0, Obayomi

and Oke (2016) and Mickens (1994).

Let us assume a solution of equation (1) that can be
represented by a combination of polynomial function and
a simple exponential component in the form:

v(x) =a,+a; x+a,g”* (3)

Then at points x* = x,_;,Xx =x, and X = x,.4, We

have:

y(xn—lj = a, +ﬂ1xn_1 —|-a',ze_:xx.‘1—'_
y(x) = a, + agx, + aye~n
y(x,eq) = a, +ay x4, +ae” T

then it follows that:

y(xpea) =2y () + y(x,-y) =

@y (Xpsq — 2%, T x,4) +

a, [e—“Ima_ — 2 % ¥ L e‘“‘rn-:] (4)

X,y =a+ (n—1)hx, = a+ nh and
Xppy =a+ (m+1)h

Then
y(x,:1) — 2y (x,) + y(x,y) = a,.(0)
tay. e BT (e — 2 + e 7) (5)

yix) =a_ +a, x +ta,e”*

y'(x) = a;-aa,e™™ (6)

y"(x) = o a,e™ O
From (3), a, = ¥v(x) — a;x — a,e ™ (8)
From (6), ay =y'(x) + @a,e™™ )
From (7), a= 2o (10)
From (6) and (7), we have:

a,y'® + 212 1)
Putting (7) and (6) in (4), we obtain
a, =y(x) —xy'(x) — xy"(x) o™ (12)
Buta, = E::r:fi = = Ei::: 3 Ty

}T(xn+1j - E}F [:xn:] + }F(xn—lj =
ﬂ,z.l?._x':a-l- nh}(e—!xh -2+ e—!xhj

- yirlz) —u(a+ nh) f,—%h —och
- Eza—x[a+nhj'e [E —2+e :]

}T(xn+1j - E}F [:xn:] + }F(xn—lj =
WD (67 —2+ &™) (13)
The Interpolating function must coincide with the
theoretical solution at x = x,_4, x = x, and x = x,.4
such that

V(xpeq) =2y () + ¥lx,ueq) =

Yns1 _E}Fn + ¥Yn-1
yirix) —xh —xh
—.(e —2+e )

o
(14)
The above relationship is true for second order equation
whose solution can be approximated with the
interpolating function.
The renormalized scheme can therefore be written in line
with non-standard rules as

¥Yns1 _E}Fn—l_ ¥Yn-1™ qj'}-m;.x}'(e_xh_z—i_e_xh:]

(15)

}rn+1 _E}Fn + Fn—lz
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Hence we have a class of schemes that can be used for
approximating second order ordinary differential
equations. For the purpose of testing, we may choose
¢ €[01].

This will be renormalized. Applying rule 2 of the non-
standard modeling rules, we will obtain two new schemes
by replacing h with a dynamic function of h as follows
WY(h) = h+0(h?*) ash— 0.

("8 -1)

P =sin(h) , Y= —
CLAeR

The scheme developed in (15) will be named NEW h

The hybrid scheme obtained by substituting h for 1

(48 -1)

=sin(h) and ¥ =—

Y= sin(cch), ¥ =h

will be named NEW Sin and NEW Exp respectively.
3. Qualitative Properties of the New Scheme

Theorem
Let v,= y(x,) and p, = p(x,) denote two
different numerical solutions of the differential equation
with the initial conditions specified as
vo = ¥(xg) =& and py = pl(xy) =& respectively
such that |E—E£%| = &, for £ = 0 If the two numerical
estimates are generated by the integration schemes, we
have
VYns1 = ¥n T (x5, h)
Prns1 = Pn T ho(x,, 0, h)
The condition that

|¥ns1 = Ppesl S K [§-E7
is the necessary and sufficient condition for the stability
and convergence of the schemes, Fatunla (1988)
Proof of Convergence
Vatr = 2¥n T ¥pg T ‘P%ﬁ (e7" -

24+ e M)

o(L) (e —2+ ™) (16)
Let
_ wliax'"—2+a x'":l
= =

Yne1 = E}Fn - Va1 +Af?: (17)

Forsmall h, 2y, — v,y = ¥,
Simplify to obtain

Yut1 = ¥u TAS

The incremental function can be written as

G (% Yoo h)= Af, (18)
P(xXp Vo h)—@(x, V. h) Alf' (%,
Vo ) = £ (2 5 )]

= Alf (2 ¥n) = F1 (% ¥0)]

3f' (xpi)
=4S On = )]

Bf' (x5
L=SUP yep 5o

then

P (X Yoo ) — @ (2, ¥, 1)

= A[L(y,, — ¥,)] (19)
¢ (s Yno ) — (25, Yo h) < Ly, — w1l
Equation (19) is the condition for convergence

Consistency of the schemes

Va1 = Vu + Afy (20)

Then

Vn41 = ¥y T hd(x,, v, h)

Whenh =0, (e*F—2+e ) =0

= V,z1 = ¥, and the incremental function is identically
zerowhen h =0

= (x,, ¥,.0) = 0, Henrici (1962).
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Stability of the schemes
Consider the equation

Vnt1 = Vn T {435 (20 V) (21)
Letppsq = Ppn + AN}, (%, By)

Vns1 — Pus1 = Yn— Pn H A, () —
fu (s

Bl

ar'l
=¥y~ Pn +"£1[ L 2n

. Ba) _
lew 22 (y —p,)]

ar' (xppp)
L1=SUP, , ep 5t

¥nz1 — Pps1™

V= Ppt AL1(¥, — 1) (22)
|¥ns1 = Prsal= 1V — Pul+ [ A L1 (3, — 2o )
Let L = |1+ [4.L1]|

|¥ns1 = Prs1l<L ¥, — 22l (23)
Let vp= v(x,) = € and py=p(x,) = E* then
|51 — Prs1l<SK [E—E7] (24)

4. Application to some Second Order Initial
Value Problems For the purpose of testing, we
have selected a class of second order initial value
problems in which the velocity components or
first derivatives are absent. The resulting scheme
does not have a separate velocity component.

Problem 1
v'= 16+ 64y,

y(0) = 1,y'(0)=0 (25)
Using

Yol & E}Fn + ] + ¢_%‘~;‘}_ [E_xh -

24+ e M)

The standard scheme is
}Fn+1 = E}Fn + }Fn—i +

U (7 —2+e7) (26)

o
5

The Analytic solution is ¥ = Eea" + e - i ,Zill
and Cullen (2005)

The non-standard scheme that does not involve
interpolating function can be obtained using rules 2 and 3,
thus

v'= 16+ 64y

*"—“'“‘-‘2*';*”?‘-‘- = 16 + 64y,
where

@(h) —=h*+0h*)ash =0 (27)
Yr+1 =

2y, + ¥y + @(hj[15+ "54}’k] (28)
Problem 2

y'=y y(0)= 1y'(0)=1 (29)
Using

Vus1 =2V + Vg + ¢-}-1I;x}' [E_xh —2+ E_xh]

The standard scheme is
Yne1 = E}Fn + ¥Yn-1 + Ebk-::;:}' (e—th —2+ E_:xh:]

(30)
The Analytic solution is ¥ = €, Zill and Cullen (2005)
The non-standard scheme that does not involve
interpolating function can be obtained using rules 2 and 3,
thus

y'=y,

Megs 2¥pt¥p_s —

—m Y

where @(h) —h*+0(h*)ash =0

Visr = 2V T Ve T @(B) () (31)
Problem 3

.,

[N

(32)
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Using
}F-n+1 = E}Fn + }Tﬂ—l + ¢'%I;x}' [e_xh -
24+ e M)

The standard scheme is
}F'?‘!-+1 = 2}??1. + }?ﬂ—l +

':_2_4 -} -0 —o
Cb—ﬁz"‘” (e T —2 47 (33) The
— . 1 A
Analytic solution is ¥ = vZ2sin2x ——  Zill and
Cullen (2005)
The non-standard scheme that does not involve

interpolating function can be obtained using rules 2 and 3,
thus

y'= —2—4y
s "IVt VE—
¥ .; ¥ = 24y,
where @(h) —h*+0(h*)ash =0 Vsl =
2y, + Vet 4’(&][_2_4}%] (34)

5. Testing and Experimentation
The schemes have been tested using various step sizes
and the behaviours of the curves were consistent. We
present below the 3D graphs for the scheme using step
sizeh = 0.01

Problem 1 Schemes of ¥" = 16+ 64y, y(0)= 1,
y'(0)=0

Fig 1: Solution Curves for the Standard, Hybrid and
Non-standard Schemes of problem 1
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Fig 2a: Graph of Absolute Error for the Hybrid and Non-
standard Schemes of Problem 1 (NSh and NEW h)
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Fig 2b: Graph of Absolute Error for the Hybrid and Non-
standard Schemes of Problem 1(NSin and NEW Sin)
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Fig 2c: Graph of Absolute Error for the Hybrid and Non-
standard Schemes of Problem 1 (NSe and NEW Exp)

Problem 2 Schemes of
¥y =y y0)=1y(0)=1
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Fig 3: Solution Curves for the Standard, Hybrid and
Non-standard Schemes of Problem 2
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Fig 4a: Graph of Absolute Error for the Hybrid and Non-
standard Schemes of Problem 2 (NSh and NEW h)
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Fig 4b: Graph of Absolute Error for the Hybrid and Non-
standard Schemes of Problem 2 (NSin and NEW Sin)

Fig 4c: Graph of Absolute Error for the Hybrid and
Non-standard Schemes of Problem 2 (NSe and NEW
Exp)
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Fig 5: Solution Curves for the Standard, Hybrid and
Non-standard Schemes of Problem 3
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Fig 6a:Graph of Absolute Error for the Hybrid and Non-
standard Schemes of Problem 3(NEW h)
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Fig 6b: Graph of Absolute Error for the Hybrid and Non-
standard Schemes of Problem 3 (NSh)
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Fig 6¢c: Graph of Absolute Error for the Hybrid and Non-
standard Schemes of Problem 3 (NSin and NEW Sin)

Absolute Error of Schemes

0.002
0.0015 /__\ ERR Nse
13
&h.oo1 / A—-
(I}
0.0005 ‘/‘/ ERR
0 NEWExp
™ 00 N N O O M O ™~ < = 00 1N N O
T NN s NN O ™~~~

Fig 6d: Graph of Absolute Error for the Hybrid and Non-
standard Schemes of Problem 3 (NSe and NEW Exp)
6. Discussion of Results and Conclusion

The schemes have been tested on second order ordinary
differential equation with a vanishing velocity
component. We observed that all the schemes obey the
monotonic properties of the dynamics of the original
equation as we can see in Figures 1, 3 and 5. It can be
observed that the standard scheme NEW h possesses the
highest absolute error of deviation from the analytic
solution as we can see in figures 2a, 4a and 6a. There is a
lot of improvement on the error of deviation for the
hybrid schemes NEW Sin and NEW Exp. All the
schemes have been found to be consistent. In this work,
we have come up with an hybrid of standard and non-
standard schemes that can be used to simulate the solution
of a class of second order ordinary differential equations.
The non-standard schemes performed better in the
numerical experiment when the error of deviation from
the analytic solution is considered.
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