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Abstract: Efficient estimation of population parameters in small area estimation (SAE) is crucial, especially under stratified
random sampling when nonresponse occurs. Several estimators have been developed to improve estimation accuracy.
However, some of these methods often fail to fully adjust for nonresponse bias, leading to unreliable domain mean estimates.
This study proposes a new calibration-based estimator, by integrating the Kullback-Leibler distance function-based weight
adjustments. The estimator is formulated under two conditions: when nonresponse affects only the study variable, and when
nonresponse affects both study and auxiliary variables. Properties of the estimators have been derived and the results confirm
that the proposed estimator provides greater efficiency and lower error rates than existing methods. Empirical validation is
conducted using data from a longitudinal survey (before, during, and after COVID-19) from Household Finance &
Consumption Survey (HFCS) and Integrated Household Survey (IHS) for 2019-2021 from the Department of Statistic of
the Central Bank of Nigeria. Comparative performance analysis using variance and mean square error calculations
demonstrates that the proposed estimator consistently outperforms the existing domain estimators in handling nonresponse
across different domains. The study concludes that calibration techniques enhance estimation accuracy in stratified sampling
and offers recommendations for further research on alternative calibration functions in small area estimation.

Keywords: Calibration estimator, Kullback-Leibler Distance measure, Mean square error, Nonresponse, Small area
estimation, Stratified random sampling

1. Introduction information and model-based approaches (Rao, 2003;
Accurate estimation of population parameters for small Datta, 2009). Among these, calibration estimators have
areas or domains is essential in statistical surveys, gained prominence due to their ability to reduce
particularly when using stratified random sampling. In nonresponse bias and improve efficiency in stratified
many applications, such as economic planning, health sampling (Iseh & Bassey, 2022; Iseh & Bassey, 2024; Iseh
studies, and social research, data must be disaggregated to et al., 2025).

provide reliable estimates for sub-populations or Several studies have explored domain estimation under
geographic regions. However, small sample sizes within stratified sampling, focusing on direct and indirect
strata often lead to unreliable direct estimators with high estimation methods. Direct estimators rely solely on
variances. To address this challenge, Small Area within-domain data, making them impractical when
Estimation (SAE) techniques have been developed to sample sizes are insufficient (Jiang & Lahiri, 2006).
improve estimation accuracy by leveraging auxiliary Indirect estimators, such as synthetic estimators, borrow
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strength from larger domains but introduce biases due to
incorrect model assumptions (Gonzalez, 1973; Sarndal,
1984; Iseh & Enang, 2021). More recent studies have
introduced calibration estimators that use auxiliary
information to minimize variance and bias in stratified
samples (Khare et al., 2021; Iseh & Bassey, 2021a and Iseh
& Bassey, 2021b). Despite these advancements, existing
methods still struggle with nonresponse and the optimal
adjustment of design weights for unbiased domain mean
estimation (Iseh & Bassey, 2024 and Ikot & Iseh, 2024).
The primary challenge in small area estimation under
stratified sampling arises when survey nonresponse leads
to missing data within certain strata, reducing the
reliability of direct estimators. Traditional SAE models
either fail to adjust for nonresponse or rely on assumptions
that may not hold for real-world data (Singh & Sisodia,
2011). Many existing approaches assume that auxiliary
variables are fully observed, which is often unrealistic in
longitudinal surveys (Ashutosh, 2021; Bassey & Iseh,
2025). There is a need for a refined calibration-based
estimator that effectively handles both small sample sizes
and nonresponse, ensuring improved precision while
maintaining minimal bias.

This study introduces a new calibration estimator for
stratified sampling by extending the Hansen and Hurwitz
(1946) framework to adjust design weights using a
Kullback-Leibler distance function. The proposed
estimators compensate for nonresponse by aligning design
weights with calibrated weights while incorporating
supplementary information from auxiliary variables. The
emphasis of this study is to evaluate both analytically and
empirically how efficient the proposed estimators are,
as
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relative to the unbiased Hansen and Hurwitz (1946)
estimator and other existing estimators (Tikkiwal & Ghiya
(2000a), Tikkiwal & Ghiya (2000b), Ashutosh (2021) and
Ikot and Iseh, (2024)) in domain estimation. Empirical
validation is conducted using household expenditure data
from the Central Bank of Nigeria, demonstrating the
estimator’s applicability in real-world stratified survey
contexts.

2. Sampling Strategy

Consider a stratified random sampling design with Hstrata
and such that n; elements are considered from N, in
stratum h, h = 1,2, 3,....,H. Then, the design weights

. o N
needed for the point estimation are Wy, = % for all d-
da

domains in stratum h = 1,2,3, ..., N,. However, the design

weights W, needed for the variance estimation if h # g

and both h and g are in stratum h is: Wy, = —N;hgxdh_l)l )
a\Vd—

Also considering the finite population under study
population U of size N divided into D
domains; Uy, U,, Us,...,Up of sizes; Ny, N,, N3, ..., Np
respectively. It is assumed that domains may be quite large
or small. Again, Hansen and Hurwitz (1946) suggested

. . n .
drawing a subsample of size r = ;2, where g =1 is

predetermined, from the n, = n — n; nonrespondents and
eliciting responses from all of them. It is assumed that
domains may be quite large or small. For a typical
d®"domain U, several characteristics may be defined
including the domain total, mean, variance and covariance
respectively

Yu, = 2u,Yag »Yu, = N_dZUd Yag» SG,(¥) = mdeud(ng —¥y,)?%, and

1 — —
CUd(XJ Y) = mZgEUd(xdg - XUd)(ydg - YUd)'

2.1. Some Existing Estimators under Stratified Sampling

Some existing estimators for population mean in stratified sampling with sub-sampling the non-respondents are presented

as follows:

2.1.1 Hansen and Hurwitz (1946) Estimator

Hansen and Hurwitz (1946) proposed an unbiased estimator defined as:
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Va = Xh=1WanVin (D

_ Ng1Vdq1+ ndazy
where y(;hz d1Yd1 dZJ’dz’

Na
SN yH 1 1 2 ¢2 H Kan=1y,,2 2
V(¥a) = Lh=1 (n_ - N_) WinSyan1 + Lh=1=, — WinWan2Syan2
dh d dh2
Sﬁdhl and 532/th are the mean square of the response and non-response groups respectively of the study variable in the
population for the h** stratum and

Nap . o
Wan = % is the response rate of the d domain in the A" stratum.
d

Nah2
Ng

Wano = is the non-response rate of the d** domain in the h*" stratum
2.1.2 Tikkiwal and Ghiya(2000a) Estimator
Tikkiwal and Ghiya (2000a) proposed a direct ratio estimator with stratified sampling as:

_ Vstd ¥
Tprsta = fsthh.d (2)

where d*" domain mean of y: ¥ ¢ = Y1 Wi 4 Vna
d*" domain mean of X: ¥s g = Y=t Wha ¥na
Bias and mean square error of Ty 5 4 are respectively given as follows
.d V4
Cyxna — Yd]

. _ [vH v Nhda—nn
Bias(Tpr.st.a)= |ZH-1 Wna Tra
h.dMh.d

52 Npg—n
MSE(Tprst.a) = Lhi=1 Wia¥ia W (CPna + Cina — 2Cyxna)

2.1.3 Tikkiwal and Ghiya (2000b) Estimator
The duo proposed a direct generalized estimator with the application of auxiliary variable stated as follows:

.18
Tpgst.a = Yst.a [;ZZ] 3)

Bias and Mean Square Error of Tpg 5t ¢ are given respectively as:

. _ VH 5 Npda—npg (6(6—1) -2 _v
Bias(Tog.sta) = Lh=1WhaYra7y = ( > Cxna +5nyh.d) Ya

> Npga—n
MSE(Tpg.sta) = Lhi=1 WfEthz.dW Céna + 8°Cina + 26Cyxna)

2.1.4 Ashutosh (2021) Estimator

The author proposed a direct generalized estimator for domain mean through stratified sampling with non-response as:
. 1B

Tosepa = Viea [£24] @

where f is a chosen constant of d*"* domain,

Vora = XH_ . Wy 4 Vn.a is the d*™ domain mean of y, and

Xipg = S0 Wy 4 Xpnq is the d* domain mean of x:

Members of the proposed family of estimators Tpg 5. 5 4 are;

Tpg.stoa = }_’sl.d it =0

* __ Ystd : _
TDG.st.—l.d - Xh.d if ,3 =-1
st.d y
* _ o Xstd _
Tpgstia = Vstaz—. f =1

st.d
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2
Tpg.stz.a = Vsta [ S::] ifp =2
Bias and Mean Square Error of Tpg o 5 4 are given respectively as:

. * V4 Npg—np, (g._l)W. 4
Bias(Tpg.st.p.a) = Zh=1Wha Yra [M Cina + =24 Clyy, d] — Y

Nnanha ’ Mpd
N Gra-DW
MSE(Tp6.st.p.a) = Yh=1 Wia¥iq [—;d PR (02 4+ Cona + 2Cyxna) + —ghdnhd 22 (C Syna — ZCZYXh.d)]

2.1.5 Ikot and Iseh (2024) Estimator:
Ikot and Iseh (2024) proposed calibration estimators for combined regression and ratio estimators under non-response as:

* _ L * =
tcal - Zh:l Wdh Ydhr (5)
- 7 Van
where Ydnr = Tdthh, and Ydanh = Zan
1 1\ S2 1 1 1
Bias(t},,) = Wan Yan | (= = =) 22| - Tk, Wan T, [——(———) SyanS ]
(cal) Zh 1Ydh tdh Nan Ndh Xd =1"Y¥Ydh 'dh XanVan \nan  Nan pxy xdhydh
1 (th—l)
MSE(tia)min = Tkt Wi [(-= = =) SZan + WoinaS2ana | —
(cal)mm Zh—l dh Ndn Ndh dh Naha dh2”ydh2
Yan (1 1 w2 Yan (1 1 2
2L (= = ==) PxySsanSyan + Tk L)sz, -
Wen 32 th an  Nan) Pry°xdhoydh n=1Win% - th nan  Nap) 2xan
i ( )Py SxanSyan=Shes Wi (o) shan | (b W (G SeanSyantinThos WS )t
h=1 dh"dh Ngp/FXy xdh2ydh—Zh=1 dhxdh"dh Nan xdh h=1 dh"dh Nan xdhSydhA12=2p=1 W, thh"dh Nan xdh”'03
1 1 1
Zhet Wdh(@—_,vdh)sﬁdh Thet Wdh(ndh Ndh)sdh(/lorl)

2.0 Proposed Estimators

Motivated by Hansen and Hurwitz (1946) as shown in (1), the proposed longitudinal estimator is defined as

A(t) @®) 5*(t)
ZL =1 Wdh dh (6)
where y*(t) n—dlyf;: ndzyéd) and
d

Wd(h) are the calibrated weights
The proposed longitudinal estimator in Eq. 6 above is calibrated upon two conditions:
Condition 1: The study variable y is influenced by non-response but the auxiliary variable x is free from non-response.
Condition 2: The study and auxiliary variables are not free from nonresponse.
Here, the Kullback distance measure is used to minimize the distance between the stratum weights W, and the calibration
weights Wd(,? subject to the constraints under condition 1 and 2.
Case I: By adopting condition 1, the Kullback Distance function (¢) is given as
®

t W, t

0=k, W log (#) —wO —wy,

Wanqan
subject to the following calibration constraints
OO _ g@®
" o
Zle 1 Wan Sxan = Sxan
Given the Lagrange function L, the optimization problem is given as
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G)
L=Ykt_, (t) log( Ya

Wdhqdh) — W3 = Wan =71 [Zh W %)~ X(gt)]
2 [Zhes W;,? Sean ~ Sean |
Taking partial derivative of L with respect to Wd(f?, we have:
= Wd(t) WanQan [1 + V1x£(1th) + stiél;l)]
Hence Eq. 6 becomes

~ s - _ 5 s a2(t 2
}’;,2 Yh-1 Wandan yd;(lt) + b1 (Xc(zt) —Yho1 Wdh‘ldhxc(g) + b (Sx((z ) - h=1 Wdhqdhsxc(ith)) (7
where

A (Zh 1Wdhqdhx§t,3y;(§’)(2h 1Wdhqdh5x ) (Zh 1Wthdhx£12y;(;f))(Eh 1Wthdhx((1tp)15x£itp)1)

ﬁ =
! (Zh 1Wthdhx2 t))(Zh 1WdhCIdh5x(t)) (Zh 1WdhCIdhx£it’)l ,ch,)l)

* 2 2 2
3, - (Zh 1 WanGan %o )(Zh Wandan¥ay xt(itl)z) ( 1 Wandan®g, xfit,),) (Eh WandanYy s xff,)l)

(Zh=1 Wan9an i) (X1 Wandan Sxan) — (Zho Wdh‘ldhfdhs,zcdh)
Bias and MSE of the Proposed Estimator

Using large sample approximations,
S*(6) _ () F®_g® 2O _ g2 B

Van Y, -X =S B1i—PB1 52 B2
let er = Ydb Yan o _ Fan~*an , _ Sxdn">an — and e,
0= (t) , €1 = X‘(it’z > €2 2(t) > €3 B, B,
*(t) Nan1¥d1+Nan2¥az —(t) 1 $nan.,.(0) Ngp y(¢)
where y;, U — Xan = thizl Xahi » th = —Z 1 Xanis
Y 7o L ¥ 2 732
Sgan = — —— Xi=1(Xani — Xan)*, Xq —N—d2h=1th, Sxan = v Zi=1(Xani = Xan)*,
Si = 7 2n=1Xan — Xa)?
The above expressions can be summarized as follows
(Var) = Vg (1 + €5)
~(t) _ ()
xdh X (1 + 31)
{2 _ Z(t)
Sydn = (1+ey) (8)
B = 31(1 + e3)
B2 = B2(1+e4)
) _®) 2(t)
. Yan ~Y, ] 1 1\ Sydn Kgn—1 2(t)
Again, let E[eg? [—= (———)y—+—W S
gain, leg”] = —;’(lt) nan  Nan) 720 17(;}(:)%”12 dh2°ydh2
®)_g@® 2()
E[X -X ] 1 1 S 1
271 — dh “dh] __ Xdh 271 —
Elef] = T = (T‘lh - N_dh) )?Z(t) ) Eles] = (n_dh - _) (Aos — 1)
_x = @) S*(t) ) (@)
E[e*e ] =F ,(;})l_xétfz yd(ht)—Ylﬁl) - COV(xdh Yan ) — (i _ L) px}’sxdhsydh
0€1 70 70 07O nan  Naw) X970

-*(t)_y(t) (t) 0 o
where E[eg] = E[ dh_(t) "”‘] _g)d = 0. Similarly, E[e;] = E[e,] = E[es] = E[e,] = 0
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®
1 1 \Sxdn
Eleie;] = (___) ;(t) Aoz

Ngn  Nan

where

_ _ Hrs __1 vH (v® _®\ (g® _5® 2(t) 2(t)
Avs = =7 772 and Uy = Ng—1&h=1 (Ydh =Yy ) (th - X4 ) Hzo = Sydh> Moz = Syan

20 02
U 1 1\ Svan
hence, g3 = =2+, and Eleje,] = (———)y—/l
> 7403 %2 (3)42 [0 2] Tan Nan, Ytg:) 12

To obtain bias, (8) is substituted into (7) as follows
T = Thoa Wan ) (1 + €§) + By (1 + e3) (XS = by Wan X5 (1 + €0)) + (1 + e4) (S3© = Tk, WanSZ5 (1 +

ez))
= YS(” + X5 1Wdh}7¢§;?95 + (B1 + Bres) (Xc(zt) - Yét) — Lh=1 Wdthh e1) + (B + ﬁ25’4)( s2® Sz(t) -

2(t
Zh 1Wdh5d;(1)ez)

t 2(t
= V0 + ko Wan¥eg — By Shey WanX S er — Br Shoy WanX o €163 =Bz Shoy WanSan ez — Ba Shey WanSan € €4
©)
Taking expectation of (9)

EGE) = 037 + They Wan¥, E(eo) By Shoy WanX g E(e1) — By Xy WanX G E (er3) -
B2 Dhs WinSOE(e2) — By Thon W ”E(ez es)
= 739 — By oy Wan X3, E(eres) — s Th WanSas E(ez €3)
= Yd(t) - .31)?(05(3133) — B2, z(t)E(ezezL)
= Yd(t) Cov [x(t) ,81] Cov [sd(t) ,82]
Thus,
Bias(ystl) —Cov x(t) ,81] Cov [sd(t) ﬂz] (10)
To obtain MSE, we consider the following
MsE (5) = E[5) - 7]
substituting for ysti, gives
= E [Zhoy WanT (1 + €8) + B1(1 + e3) (X7 = Thy Wan X5 (1 + e)) + (1 + ) (559 = They WanSZ50 (1 +

ez)) - Yd(t)]

2t (Kah=DWan2 S 1 1 t) o(t
=Yk W2 [(— - Ndh) Sy((uz + ydhz] 21 Lhi=1 Win (_ - _) pxySJEd)hsj(/d)h -

Ndh Ndhz Ngh  Nan
2(1) ® 2(t) 1
2 By Xh=1 WihSq (ndh )Sydhhz + 2182 Xh=1 WinSan (ndh Ndh) StanAos + BE Thoy W, (ndh
2(t ¢t .
Ndh) xrgli? + B2 Xh=1 Wih (ndh " h) D (Aos — 1) (11) Minimum Mean Square Error

To obtain the minimum MSE, Eq. 11 is differentiated partially with respect to 3;and 3,
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L 2 (1 L) s2® L 2(0) ®) ®) c@®
B1 Xkh=1Win (r‘h - N—dh) van + B2 Zhi=1 WiSan (ndh Ndh) Syantos = Lii=1 Wih (n_dh - N—dh) PxySxdnSydn
Also,
L 2(t) ® L 2 4@ 3(t)
B Sk WSy (o = ) Skanhos + B2 Zhet Won San” (- = 3-) Goa = 1) = Zhot Wi (5= = 1) Sy e
solving for §; and [, simultaneously give
(Zﬁzl Wa%h(ﬁ‘N;h)pxySa(ghS;(/gh)@lﬁ 1W;h5;§1t)(ndh Ndh)( 04—1)>
1 1 ®) 2(t) 1 (t)
PO ) (12)
(Zﬁ:leh<ﬁ_%dh) ;z(itiz)<zh 1Wdh5;;1t)(m N_dh)( 04~ 1))
2
_(Z" 1Wdhs§$lt)(ndh Ntlzn)s’(cghaw)
1 ) 1 1 @®)
(Bho Wi (e ) (Bhes Wb S5 in2)
2(t) s® ®) ()
Bzopt = _(Zlfl 1 WahSan (ndh Ndh) x‘i’ll"?’)(zh 1Wdh("dh Ndh)pxySthSydh) (13)
@® ®
(Zﬁ:1wjh<ﬁ_N:h) ;;;J(Zh 1Wdh5;ht (ndh Ndh)(loa, 1))
2
—(Zh 1Wdhssgt)(@_1v;ﬂl)sfc2h103)
Substituting for Eqgs. 12 and 13 in Eq.11 gives
MSE ®) = yL__ 2 1 1) g2 (kdh_l)WthS;,(itp)lz 2 L y2 1 s® ¢ _
min (yst1) - Zh:l dh (rdh_N_dh) ydh + Ndhz - ﬂlomZ =1"%dh (ndh Ndh) ny xdh°ydh
2(6) (1 1 t 2(t t 1
2 Baopt Yho1 WthS ® (n_dn - _d) S}Ed)h'112 + 2B10piB2opi Yho1 Wth © (n_dh - N_dh) S;Ed)h/los + Blopt Yhe1 Wi (Fdh -
52 1 G4(®
=) Saan + Bhope Thoa Wi (7= 50) San” (o = 1) (14)

Case II: By adopting condition 2, the properties of the proposed estimator when nonresponse is observed in both the study
and the auxiliary variables are as follows

Let xdh Ope analogously defined as yd ) with sub-sampling the nonresponse strategy, thus
7 — Ndh1¥Xd1tNdn2¥d2
Xdn nan
Then Eq. 6 can be Written as
~ = _* 5 2(t 2
5(2 Yh-1Wandan ¥, ydh + B, (X(t) — Xh=1 Wdhqdhxdglt)) + B2 (Sxéh) Yh-1 Wdh‘ldhsxc(z?) (15)

Such that %, = X (1 + e7) and
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2(8)
1 1 S Kagn—1 2(t)
E[e* =(———)L‘”‘+—W S
[1] nan  Nan X;,(f) X;,(f)ndhz dh2°xdh2
) <@
1 1 Sxdn Sydh Kan—1 ® «@®
{E(ejes =(———) —xdh YEL 4 _—dh— W S S
(eoer) = (5= 7 ) Pryan Z0 7O T xOp@  Wah2PxyanzOxdh2°ydh
®
1 1\S
Flefes] = (- — =) %1
\ [1 2] Ngn  Nan Xét,z 03

Then Eq. 15 can be written in terms of the large sample approximations as

~ —x " - = " 2 2(t
T = Thoy WanTyD (1 + €§) + By (1 + e5) (X — Th_y Wan X5 (1 + eD)) + B2 (1 + ) (S5 — By WanSZgn (1 +

ez))
o*(t To*(t) « () « (t) « 2(t
= Yd( ) + Yho1 Wthd;(l )eo —B1Xho1 WdhXc(UBel — B1 k=1 WdhX((zh)el e3 —P2 Xh-1 Wthd;(, e, —
2t
Bo Thoy WanSan ez €4 (16)

Taking expectation of Eq. 16 and substituting for the large sample approximations
EGi) = V3 = Shes Wan X E (eies) = By Thioy WanSay E ez €4)

= Y;(t) - 31X§t)E(ef93) - ,3255“)5'(3234)

= 17;“) = —Cov [fét),ﬁl] — Cov [sé(t),ﬁz]

Bias(f/s(g) = —Cov [)Eg), [)31] — Cov [sﬁ(t), ﬁz] (17)
MSE of the proposed estimator
Proof:

Let the MSE of 5 under the condition 2 be denoted as MSE (fls(g)

MsE (5) = E[79 - 7]

substituting for f’s(g gives

= E [Thoy Wan V) (1 + e8) + Br(1 + €3) (X7 — Thoy Wan X5 (1 + eD)) + Bo (1 + €4) (S5 = Ty WanS25 (1 +
ez)) - ?d(t)]z

MSE(F$) = Shoy W Vi DE(e8") — 25y Shoy WHXGITSY Eeger) — 2 By Thoy W T SoY Eeges) +

261, Thoy WG Sa) E(efer) + B2 Thoy Wh X E(e") + B2 Bhoy Wi, SaiVE(e3)

1 1

L L)ga kan =)W anaSy gy

o s®

t)
__1 s
Nah Ndh) Pxyan°xdh2 ydh2 +

= Sher Wy [( - ] ~ 281 Shet W [

Kagn—1 t 2(t 1 1 2(t 2(t
dh Wdthxydhzsggfi)hz%(/d)hz] —2B2 Yk Wdzhsd( ) (_ - —) Syéfglhz +2B1B2 X1 Wdzhsd( ) (

Ndh2
1

Nanz Ndh Nan Ndh
1 ®) 1 1 2(t) 4 Kan—1 2(t)
N_dh) Sxdh/lo3 + ,812 %1:1 Wdzh [(Tah - Ndh) Sxdh + ,?:hz WthSxth
1 1 a(t
+BE Bhoa Wi (2= 5) San Qoa = 1) (18)
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To obtain minimum MSE, we differentiate (18) partially with respect to Biand B,

L 2 1 1 2(t) , Kan—1 2(t)
B Xh=1 W4 [(rdh - N—dh) Sxan ¥ 7 — WthSxdhz] + B2
g® o

1 O ¢® | Kan=1
Ndh) pxydhsxdhzsyth Ndhz Wdthxydhz xdh2°ydh2

2(t t
B1 Eh=1 WinS, ()(ndh Non )Sid)hlm + B2

Z(t)
Ndh) ydh/llz

solving for f; and [, simultaneously give
s® © _Ka

L 2 1
(Zn=1Wdh[(ndh Ndh)nydh xdh2Sydhzt ndh Wdthxydhz

—(Zn=1 Wdh<L_L> ;Eitr)ﬂn)(zh 1

b WS (2= —+=) StonAos = Zhoa Wi [ (= -

4
bW Sad (=

dh Ndh

1

Ngn  Ngn Ngn

2(t 1
%1:1 WthSd( ) (_ -

Ndh

)(/104 D=

® <@® L 4(t)
Sxdhz2Sydhz )(Zh 1 WinSan (n N dh)(/104 1))

2(t 1 t
Wdhsdgl)(___) a(cd)h 03)

B — "dh Ndh "dh Ndn
10PT (B Wi (o )52+ 500,57 1) 5, W60 () o)
h=1"dn|\ng, "Ngp/ xdh T gy, VanzSxana h=1"dh>dh \ng, " Ngp )04~
§2® ®
(Zh 1 WinSan (ndh Nan xdh’103)
Loy (1 )20, Kan=1), 2(t) 1 1)
S (G St ) (ks W g i)
(Zh 1Wan|\ng, ~NanSxan* gy, V dh25xdnz She1 Wan nap Ngp) yah™12
L 21 1 )e® 1 ® @®  Kdan~t DIENG)
ﬁ _ _(Zh:1Wthdh <”dh Ndh) xdhlos)(zh 1Wdh[("dh Ndh)pxy(ihsxdhzsydhz Niha dthxydhz xdhzsydhz])
20PT =

2(t
_(Zh 1Wdh5d;1)(

Substituting for B1opr and Boopr in (18), we have

nan Nan.

(kdh—l)Wdhz%Z,gp)lz

11 \g2®, Kan—1) 4t
(Zh=1Wdh[(ndh Ndh)sxdh' nang ) @h2 xdth(Zh 1WhSan (m Ndh)( 04~ 1))

1

ngh  Ngn

MSE in (ys(g) %l=1 Wdzh [(L - L) S;lgt’z +

Ndh2

Ndh

] — 2Br0pr They W (5= -

1 @ <@ Kan—1 @ <@ 2(¢) 2(8)
Nan )pxydhsxdhzs dh2 + — Wdthxydhzsxdhzsydhz —2 BZOPT Zh 1 Wth (ndh - Ndh) Sydh/llz
2B10p1Bropr Shey W2 52“)( ) 5800203 + BEopr Tk (=) s25 + == 1W SEL ] +
10PTP20PT Lh=1 "Vdh nan  Ngn/) ~xdah”03 10PT Lh=1 dh nan  Ngp/ ~xdh ng dh2°xdh2

1
Biopr Lhi=1 Win ( ) San) (dos — 1)

Ngn N dh

3. Empirical Study

A real-life data obtained from the Household Finances and
Consumption Survey (HFCS) and the Integrated
Household Survey (IHS) from the Statistics Department of
Central Bank of Nigeria which is a quarterly survey is
partitioned into WAVE 1,2, 3 & 4 for 2019 (before
COVID-19), WAVE 1, 2, 3 & 4 for 2020 (during COVID-
19) and WAVE 2, 3 & 4 for 2021 (After COVID-19). The
population is comprised of selected households spread
across the 37 states (domains) of Nigeria. Again, the

(19)

population is sub-divided into five groups (strata) as
follows: those working in government organizations,
private organizations, self-employed with own employees,
self-employed without own employees, and unpaid family
workers.

3.1 Performance of Estimators

The performance of the existing and proposed estimators
across the domains are presented in Tables 1, 2 and 3 using
average variance and mean square errors of the respective
estimators.
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Table 1: Performance of estimators across the domains using average variance and MSE in 2019

ESTIMATORS WAVE 1 WAVE 2 WAVE 3 WAVE 4
VG3a) 22352872 11278590 2127110381 2128536792
MSE(Tprst.q) 198548137 437916767 300383822 334666336
MSE(Tpg st.p) 55781052 435788250 433161749 4277954577
MSE(Tpg.sep.a) 45537277 41154765 31484947 34695256
MSE (£ 32 min 33893634 416275960 48609844 3208332609
MSE pin G 19334 61544 51873 411090
MSE pin G 8321294 9801300 822347 875463

Source: Authors’ computation 2026

Table 2: Performance of estimators across the domains using average variance and MSE in 2020

ESTIMATORS WAVE 1 WAVE 2 WAVE 3 WAVE 4
V(ya) 12070397032 1959390531 2696529563 2877211507
MSE(Tprst.a) 3174210324 6566261196 1891139700 2550790226
MSE (Tpg st.0) 874122793 945289242 42607369 32456723
MSE(Tpg.stp.0) 764959433 45621109 411234543 354960584
MSE(t) min 40122897 576008934 11803955 10912063
a(t
MSE,in (ys(ti 66651 456395 47228 55217
=(t
MSEmin(ys(tg 343673 2296842 436733 212321

Source: Authors’ computation 2026

Table 3: Performance of estimators across the domains using average variance and MSE in 2021

ESTIMATORS WAVE 2 WAVE 3 WAVE 4
VG 13079119911 8091356206 8261505450
MSE (Tpr.se.a) 3529448053 6219274382 9999628351
MSE(Tpg scp) 5083972010 5963101027 454438216
MSE(Tpg se.p.a) 634849473 534859495 412455644
MSE (€ 3)) min 9062483839 4782374466 55175506557
MSE in (50 23453 21145 34647
MSE in G0 223465 43561 24683431

Source: Authors’ computation 2026

4. Discussion This discussion is based on the empirical analysis carried
out and presented in Tables 1, 2 and 3. From the result of
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analysis in Tables 1, 2 and 3, it is observed that the average

minimum mean square error of the proposed estimators

fls(g and f/s(tt% are far less than the average Variance and

MSEs of the existing estimators
Yar Tprsta» To.seor Tpgst,pa and tog across all the
domains in all the waves of 2019, 2020 and 2021. This
agrees with the literature in Bassey and Iseh (2025) on the
use of the Kullback-Leibler distance measure for weight
adjustment in small area estimation. In addition, it is
observed that the estimator 375(3 has performed more

efficiently than fls(g, probably because nonresponse

affected both the study and auxiliary variables of the

estimator fls(:%

5. Conclusion

This study addresses the challenges facing small area
estimation (SAE), particularly in the presence of
nonresponse. By extending the Hansen & Hurwitz (1946)
estimator, two new calibration-based estimators are
proposed using the Kullback-Leibler distance function-
based weight adjustment to improve efficiency. The
proposed estimators are formulated under two conditions:
when nonresponse affects only the study variable and
when nonresponse affects both the study and auxiliary
variables.

The empirical results show that the suggested estimator
improves efficiency and minimizes estimation errors when
compared to current estimators. Empirical investigations
using real-life data from the HFCS and IHS from the
Central Bank of Nigeria's Statistics Department (2019-
2021) to validate the theoretical derivations have revealed
that the proposed estimators outperform existing
estimators in terms of efficiency gains. This illustrates that
the suggested estimators have asymptotic features that beat
existing SAE estimators during various survey periods
(before, during, and after COVID-19).

The empirical investigation found that subsampling the
nonresponse using calibration approaches considerably
improved domain mean estimate in stratified sampling.
The suggested estimators give a robust and
computationally feasible strategy for dealing with small
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sample sizes and missing data, which can result in
over/under estimation or sometimes yield negative weights
in small area estimation..
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