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Abstract: Efficient estimation of population parameters in small area estimation (SAE) is crucial, especially under stratified 

random sampling when nonresponse occurs. Several estimators have been developed to improve estimation accuracy. 

However, some of these methods often fail to fully adjust for nonresponse bias, leading to unreliable domain mean estimates. 

This study proposes a new calibration-based estimator, by integrating the Kullback-Leibler distance function-based weight 

adjustments. The estimator is formulated under two conditions: when nonresponse affects only the study variable, and when 

nonresponse affects both study and auxiliary variables. Properties of the estimators have been derived and the results confirm 

that the proposed estimator provides greater efficiency and lower error rates than existing methods. Empirical validation is 

conducted using data from a longitudinal survey (before, during, and after COVID-19) from Household Finance & 

Consumption Survey (HFCS) and Integrated Household Survey (IHS) for 2019-2021 from the Department of Statistic of 

the Central Bank of Nigeria. Comparative performance analysis using variance and mean square error calculations 

demonstrates that the proposed estimator consistently outperforms the existing domain estimators in handling nonresponse 

across different domains. The study concludes that calibration techniques enhance estimation accuracy in stratified sampling 

and offers recommendations for further research on alternative calibration functions in small area estimation. 

Keywords: Calibration estimator, Kullback-Leibler Distance measure, Mean square error, Nonresponse, Small area 

estimation, Stratified random sampling 

 

1.  Introduction 

Accurate estimation of population parameters for small 

areas or domains is essential in statistical surveys, 

particularly when using stratified random sampling. In 

many applications, such as economic planning, health 

studies, and social research, data must be disaggregated to 

provide reliable estimates for sub-populations or 

geographic regions. However, small sample sizes within 

strata often lead to unreliable direct estimators with high 

variances. To address this challenge, Small Area 

Estimation (SAE) techniques have been developed to 

improve estimation accuracy by leveraging auxiliary 

information and model-based approaches (Rao, 2003; 

Datta, 2009). Among these, calibration estimators have 

gained prominence due to their ability to reduce 

nonresponse bias and improve efficiency in stratified 

sampling (Iseh & Bassey, 2022; Iseh & Bassey, 2024; Iseh 

et al., 2025). 

Several studies have explored domain estimation under 

stratified sampling, focusing on direct and indirect 

estimation methods. Direct estimators rely solely on 

within-domain data, making them impractical when 

sample sizes are insufficient (Jiang & Lahiri, 2006). 

Indirect estimators, such as synthetic estimators, borrow 
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strength from larger domains but introduce biases due to 

incorrect model assumptions (Gonzalez, 1973; Sarndal, 

1984; Iseh & Enang, 2021). More recent studies have 

introduced calibration estimators that use auxiliary 

information to minimize variance and bias in stratified 

samples (Khare et al., 2021; Iseh & Bassey, 2021a and Iseh 

& Bassey, 2021b). Despite these advancements, existing 

methods still struggle with nonresponse and the optimal 

adjustment of design weights for unbiased domain mean 

estimation (Iseh & Bassey, 2024 and Ikot & Iseh, 2024). 

The primary challenge in small area estimation under 

stratified sampling arises when survey nonresponse leads 

to missing data within certain strata, reducing the 

reliability of direct estimators. Traditional SAE models 

either fail to adjust for nonresponse or rely on assumptions 

that may not hold for real-world data (Singh & Sisodia, 

2011). Many existing approaches assume that auxiliary 

variables are fully observed, which is often unrealistic in 

longitudinal surveys (Ashutosh, 2021; Bassey & Iseh, 

2025). There is a need for a refined calibration-based 

estimator that effectively handles both small sample sizes 

and nonresponse, ensuring improved precision while 

maintaining minimal bias. 

This study introduces a new calibration estimator for 

stratified sampling by extending the Hansen and Hurwitz 

(1946) framework to adjust design weights using a 

Kullback-Leibler distance function. The proposed 

estimators compensate for nonresponse by aligning design 

weights with calibrated weights while incorporating 

supplementary information from auxiliary variables. The 

emphasis of this study is to evaluate both analytically and 

empirically how efficient the proposed estimators are, 

relative to the unbiased Hansen and Hurwitz (1946) 

estimator and other existing estimators (Tikkiwal & Ghiya 

(2000a), Tikkiwal & Ghiya (2000b), Ashutosh (2021) and 

Ikot and Iseh, (2024)) in domain estimation. Empirical 

validation is conducted using household expenditure data 

from the Central Bank of Nigeria, demonstrating the 

estimator’s applicability in real-world stratified survey 

contexts. 

 

2. Sampling Strategy 

Consider a stratified random sampling design with 𝐻strata 

and such that 𝑛ℎ elements are considered from 𝑁ℎ in 

stratum ℎ, ℎ = 1, 2, 3, … . , 𝐻. Then, the design weights 

needed for the point estimation are 𝑊𝑑ℎ =
𝑁𝑑ℎ

𝑁𝑑
  for all d-

domains in stratum ℎ = 1,2,3,… ,𝑁ℎ. However, the design 

weights 𝑊𝑑ℎ needed for the variance estimation if ℎ ≠ 𝑔 

and both ℎ and 𝑔 are in stratum ℎ is: 𝑊𝑑ℎ =
𝑁𝑑ℎ(𝑁𝑑ℎ−1)

𝑁𝑑(𝑁𝑑−1)
.  

Also considering the finite population under study 

population 𝑈 of size 𝑁 divided into 𝐷 

domains; 𝑈1, 𝑈2, 𝑈3, . . . , 𝑈𝐷 of sizes; 𝑁1, 𝑁2,  𝑁3, … , 𝑁𝐷 

respectively. It is assumed that domains may be quite large 

or small. Again, Hansen and Hurwitz (1946) suggested 

drawing a subsample of size 𝑟 =
𝑛2

𝑔
, where 𝑔 ≥ 1 is 

predetermined, from the 𝑛2 = 𝑛 − 𝑛1  nonrespondents and 

eliciting responses from all of them. It is assumed that 

domains may be quite large or small.  For a typical 

𝑑𝑡ℎdomain 𝑈𝑑 several characteristics may be defined 

including the domain total, mean, variance and covariance 

respectively 

as  

𝑌𝑈𝑑 = ∑ 𝑦𝑑𝑔𝑈𝑑  , 𝑌̅𝑈𝑑 =
1

𝑁𝑑
∑ 𝑦𝑑𝑔𝑈𝑑 ,  𝑆𝑈𝑑

2 (𝑌) =
1

𝑁𝑑−1
∑ (𝑦𝑑𝑔 − 𝑌̅𝑈𝑑)

2
𝑔∈𝑈𝑑 , and   

𝐶𝑈𝑑(𝑋, 𝑌) =
1

𝑁𝑑−1
∑ (𝑥𝑑𝑔 − 𝑋̅𝑈𝑑)(𝑦𝑑𝑔 − 𝑌̅𝑈𝑑)𝑔∈𝑈𝑑 .  

  

2.1. Some Existing Estimators under Stratified Sampling 

 Some existing estimators for population mean in stratified sampling with sub-sampling the non-respondents are presented 

as follows:  

 

2.1.1 Hansen and Hurwitz (1946) Estimator 

Hansen and Hurwitz (1946) proposed an unbiased estimator defined as:  
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𝑦̂̅𝑑 = ∑ 𝑊𝑑ℎ𝑦̅𝑑ℎ
∗𝐻

ℎ=1      (1) 

where  𝑦̅𝑑ℎ
∗ =

𝑛𝑑1𝑦̅𝑑1+ 𝑛𝑑2𝑦̅𝑑2

𝑛𝑑
,   

𝑉(𝑦̂̅𝑑) = ∑ (
1

𝑛𝑑ℎ
−

1

𝑁𝑑
)𝐻

ℎ=1 𝑊𝑑ℎ
2 𝑆𝑦𝑑ℎ1

2 + ∑
𝐾𝑑ℎ−1

𝑛𝑑ℎ2
𝑊𝑑ℎ

2 𝑊𝑑ℎ2𝑆𝑦𝑑ℎ2
2𝐻

ℎ=1   

 𝑆𝑦𝑑ℎ1
2  and 𝑆𝑦𝑑ℎ2

2  are the mean square of the response and non-response groups respectively of the study variable in the 

population for the ℎ𝑡ℎ stratum and 

𝑊𝑑ℎ =
𝑁𝑑ℎ

𝑁𝑑
 is the response rate of the d domain in the ℎ𝑡ℎ stratum. 

𝑊𝑑ℎ2 =
𝑁𝑑ℎ2

𝑁𝑑
 is the non-response rate of the 𝑑𝑡ℎ domain in the ℎ𝑡ℎ stratum 

. 

2.1.2 Tikkiwal and Ghiya(2000a) Estimator 

Tikkiwal and Ghiya (2000a) proposed a direct ratio estimator with stratified sampling as:  

𝑇𝐷𝑅.𝑠𝑡.𝑑 =
𝑦̅𝑠𝑡.𝑑

𝑥̅𝑠𝑡.𝑑
𝑋̅ℎ.𝑑     (2)  

 where 𝑑𝑡ℎ domain mean of y: 𝑦̅𝑠𝑡.𝑑 = ∑ 𝑊ℎ.𝑑
𝐻
ℎ=1 𝑦̅ℎ.𝑑     

𝑑𝑡ℎ domain mean of x: 𝑥̅𝑠𝑡.𝑑 = ∑ 𝑊ℎ.𝑑
𝐻
ℎ=1 𝑥̅ℎ.𝑑      

Bias and mean square error of 𝑇𝐷𝑅.𝑠𝑡.𝑑 are respectively given as follows 

Bias(𝑇𝐷𝑅.𝑠𝑡.𝑑)= [∑ 𝑊ℎ.𝑑
𝐻
ℎ=1 𝑌̅ℎ.𝑑

𝑁ℎ.𝑑−𝑛ℎ.𝑑

𝑁ℎ.𝑑𝑛ℎ.𝑑
𝐶𝑌𝑋ℎ.𝑑 − 𝑌̅𝑑]      

MSE(𝑇𝐷𝑅.𝑠𝑡.𝑑) = ∑ 𝑊ℎ.𝑑
2 𝑌̅ℎ.𝑑

2𝐻
ℎ=1

𝑁ℎ.𝑑−𝑛ℎ.𝑑

𝑁ℎ.𝑑𝑛ℎ.𝑑
(𝐶𝑌ℎ.𝑑

2 + 𝐶𝑋ℎ.𝑑
2 − 2𝐶𝑌𝑋ℎ.𝑑)      

2.1.3 Tikkiwal and Ghiya (2000b) Estimator 

The duo proposed a direct generalized estimator with the application of auxiliary variable stated as follows: 

𝑇𝐷𝐺.𝑠𝑡.𝑑 = 𝑦̅𝑠𝑡.𝑑 [
𝑥̅𝑠𝑡.𝑑

𝑋̅𝑠𝑡.𝑑
]
𝛿
     (3) 

Bias and Mean Square Error of 𝑇𝐷𝐺.𝑠𝑡.𝑑 are given respectively as:  

Bias(𝑇𝐷𝐺.𝑠𝑡.𝑑) =  ∑ 𝑊ℎ.𝑑
𝐻
ℎ=1 𝑌̅ℎ.𝑑

𝑁ℎ.𝑑−𝑛ℎ.𝑑

𝑁ℎ.𝑑𝑛ℎ.𝑑
(
𝛿(𝛿−1)

2
𝐶𝑋ℎ.𝑑
2 + 𝛿𝐶𝑌𝑋ℎ.𝑑) − 𝑌̅𝑑    

MSE(𝑇𝐷𝐺.𝑠𝑡.𝑑) = ∑ 𝑊ℎ.𝑑
2 𝑌̅ℎ.𝑑

2𝐻
ℎ=1

𝑁ℎ.𝑑−𝑛ℎ.𝑑

𝑁ℎ.𝑑𝑛ℎ.𝑑
(𝐶𝑌ℎ.𝑑

2 + 𝛿2𝐶𝑋ℎ.𝑑
2 + 2𝛿𝐶𝑌𝑋ℎ.𝑑)     

 

2.1.4   Ashutosh (2021) Estimator 

The author proposed a direct generalized estimator for domain mean through stratified sampling with non-response as: 

𝑇𝐷𝐺.𝑠𝑡.𝛽.𝑑
∗ = 𝑦̅𝑠𝑡.𝑑

∗ [
𝑥̅𝑠𝑡.𝑑
∗

𝑋̅𝑠𝑡.𝑑
∗ ]

𝛽

     (4)       

where  𝛽 is a chosen constant of 𝑑𝑡ℎ domain,  

𝑦̅𝑠𝑡.𝑑
∗ = ∑ 𝑊ℎ.𝑑

𝐻
ℎ=1 𝑦̅ℎ.𝑑 is the  𝑑𝑡ℎ domain mean of y, and 

𝑥̅𝑠𝑡.𝑑
∗ = ∑ 𝑊ℎ.𝑑

𝐻
ℎ=1 𝑥̅ℎ.𝑑 is the  𝑑𝑡ℎ domain mean of x: 

Members of the proposed family of estimators 𝑇𝐷𝐺.𝑠𝑡.𝛽.𝑑
∗  are; 

𝑇𝐷𝐺.𝑠𝑡.0.𝑑
∗ = 𝑦̅𝑠𝑡.𝑑

∗  if  𝛽 = 0 

𝑇𝐷𝐺.𝑠𝑡.−1.𝑑
∗ =

𝑦̅𝑠𝑡.𝑑
∗

𝑥̅𝑠𝑡.𝑑
∗ 𝑋̅ℎ.𝑑   if  𝛽 = −1 

𝑇𝐷𝐺.𝑠𝑡.1.𝑑
∗ = 𝑦̅𝑠𝑡.𝑑

∗ 𝑥̅𝑠𝑡.𝑑
∗

𝑋̅𝑠𝑡.𝑑
∗    if  𝛽 = 1 
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𝑇𝐷𝐺.𝑠𝑡.2.𝑑
∗ = 𝑦̅𝑠𝑡.𝑑

∗ [
𝑥̅𝑠𝑡.𝑑
∗

𝑋̅ℎ.𝑑
∗ ]

2

   if 𝛽 = 2 

Bias and Mean Square Error of 𝑇𝐷𝐺.𝑠𝑡.𝛽.𝑑
∗  are given respectively as: 

Bias(𝑇𝐷𝐺.𝑠𝑡.𝛽.𝑑
∗ ) = ∑ 𝑊ℎ.𝑑

𝐻
ℎ=1 𝑌̅ℎ.𝑑 [

𝑁ℎ.𝑑−𝑛ℎ.𝑑

𝑁ℎ.𝑑𝑛ℎ.𝑑
𝐶𝑋ℎ.𝑑
2 +

(𝑔ℎ.𝑑−1)𝑊2ℎ.𝑑

𝑛ℎ.𝑑
𝐶2𝑌ℎ.𝑑
2 ] − 𝑌̅𝑑    

MSE(𝑇𝐷𝐺.𝑠𝑡.𝛽.𝑑
∗ ) = ∑ 𝑊ℎ.𝑑

2 𝑌̅ℎ.𝑑
2 [

𝑁ℎ.𝑑−𝑛ℎ.𝑑

𝑁ℎ.𝑑𝑛ℎ.𝑑
〈𝐶𝑌ℎ.𝑑

2 + 𝐶𝑋ℎ.𝑑
2 + 2𝐶𝑌𝑋ℎ.𝑑〉 +

(𝑔ℎ.𝑑−1)𝑊2ℎ.𝑑

𝑛ℎ.𝑑
〈𝐶 2𝑌ℎ.𝑑

2 − 2𝐶2𝑌𝑋ℎ.𝑑〉]
𝐻
ℎ=1   

            

2.1.5 Ikot and Iseh (2024) Estimator: 

Ikot and Iseh (2024) proposed calibration estimators for combined regression and ratio estimators under non-response as: 

𝑡𝑐𝑎𝑙
∗ = ∑ 𝑊𝑑ℎ

∗𝐿
ℎ=1 𝑦̅𝑑ℎ𝑟          (5)   

where 𝑦̅𝑑ℎ𝑟 = 𝑟𝑑ℎ𝑋̅𝑑ℎ,  and  𝑟𝑑ℎ =
𝑦̅𝑑ℎ
∗

𝑥̅𝑑ℎ
  

Bias(𝑡𝑐𝑎𝑙
∗ ) = ∑ 𝑊𝑑ℎ

𝐿
ℎ=1 𝑌̅𝑑ℎ [(

1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)
𝑆𝑥𝑑ℎ
2

𝑋𝑑ℎ
2 ] − ∑ 𝑊𝑑ℎ

𝐿
ℎ=1 𝑌̅𝑑ℎ [

1

𝑋̅𝑑ℎ

1

𝑌̅𝑑ℎ
(
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝜌𝑥𝑦𝑆𝑥𝑑ℎ𝑆𝑦𝑑ℎ]  

MSE(𝑡𝑐𝑎𝑙
∗ )𝑚𝑖𝑛 = ∑ 𝑊𝑑ℎ

2𝐿
ℎ=1 [(

1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
) 𝑆𝑦𝑑ℎ

2 +
(𝐾𝑑ℎ−1)

𝑛𝑑ℎ2
𝑊𝑑ℎ2𝑆𝑦𝑑ℎ2

2 ] −  

2∑ 𝑊𝑑ℎ
2𝐿

ℎ=1
𝑌̅𝑑ℎ

𝑋̅𝑑ℎ
(
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝜌𝑥𝑦𝑆𝑥𝑑ℎ𝑆𝑦𝑑ℎ + ∑ 𝑊𝑑ℎ

2𝐿
ℎ=1

𝑌̅𝑑ℎ

𝑋̅𝑑ℎ
(
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
) 𝑆𝑥𝑑ℎ

2 −

[∑ 𝑊𝑑ℎ
2𝐿

ℎ=1 (
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝜌𝑥𝑦𝑆𝑥𝑑ℎ𝑆𝑦𝑑ℎ−∑ 𝑊𝑑ℎ

2𝐿
ℎ=1

𝑌̅𝑑ℎ
𝑋̅𝑑ℎ

(
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝑆𝑥𝑑ℎ
2 ]

2

∑ 𝑊𝑑ℎ
2𝐿

ℎ=1 (
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝑆𝑥𝑑ℎ
2

−
[∑ 𝑊𝑑ℎ

2𝐿
ℎ=1 (

1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝑆𝑥𝑑ℎ𝑆𝑦𝑑ℎ𝜆12−∑ 𝑊𝑑ℎ

2𝐿
ℎ=1

𝑌̅𝑑ℎ
𝑋̅𝑑ℎ

(
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝑆𝑥𝑑ℎ
2 𝜆03]

2

∑ 𝑊𝑑ℎ
2𝐿

ℎ=1 (
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝑆𝑑ℎ
4 (𝜆04−1)

 

    

 

2.0    Proposed Estimators 

 

Motivated by Hansen and Hurwitz (1946) as shown in (1), the proposed longitudinal estimator is defined as  

𝑦̂̅𝑠𝑡
(𝑡)
= ∑ 𝑊𝑑ℎ

(𝑡)
𝑦̅𝑑ℎ
∗(𝑡)𝐿

ℎ=1       (6) 

where 𝑦̅𝑑ℎ
∗(𝑡)

=
𝑛𝑑1𝑦̅1𝑑

(𝑡)
+ 𝑛𝑑2𝑦̅2𝑑

(𝑡)

𝑛𝑑
 and  

𝑊𝑑ℎ
(𝑡)

 are the calibrated weights 

The proposed longitudinal estimator in Eq. 6 above is calibrated upon two conditions: 

Condition 1: The study variable 𝑦 is influenced by non-response but the auxiliary variable 𝑥 is free from non-response.  

Condition 2: The study and auxiliary variables are not free from nonresponse. 

Here, the Kullback distance measure is used to minimize the distance between the stratum weights 𝑊𝑑ℎ and the calibration 

weights 𝑊𝑑ℎ
(𝑡)

 subject to the constraints under condition 1 and 2. 

Case I: By adopting condition 1, the Kullback Distance function (φ) is given as  

φ = ∑ 𝑊𝑑ℎ
(𝑡)𝐿

ℎ=1 log (
𝑊𝑑ℎ
(𝑡)

𝑊𝑑ℎ𝑞𝑑ℎ
) −𝑊𝑑ℎ

(𝑡)
−𝑊𝑑ℎ      

subject to the following calibration constraints 

∑ 𝑊𝑑ℎ
(𝑡)
𝑥̅𝑑ℎ
(𝑡)
= 𝑋̅𝑑

(𝑡)𝐿
ℎ=1          

∑ 𝑊𝑑ℎ
(𝑡)
𝑠𝑥𝑑ℎ
2(𝑡)

= 𝑆𝑥𝑑ℎ
2(𝑡)𝐿

ℎ=1         

Given the Lagrange function 𝐿, the optimization problem is given as 
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𝐿 = ∑ 𝑊𝑑ℎ
(𝑡)𝐿

ℎ=1 log (
𝑊𝑑ℎ
(𝑡)

𝑊𝑑ℎ𝑞𝑑ℎ
) −𝑊𝑑ℎ

(𝑡)
−𝑊𝑑ℎ−𝛾1 [∑ 𝑊𝑑ℎ

(𝑡)
𝑥̅𝑑ℎ
(𝑡) − 𝑋̅𝑑

(𝑡)𝐿
ℎ=1 ]  

−𝛾2 [∑ 𝑊𝑑ℎ
(𝑡)
𝑠𝑥𝑑ℎ
2(𝑡)

− 𝑆𝑥𝑑ℎ
2(𝑡)𝐿

ℎ=1 ]        

Taking partial derivative of 𝐿 with respect to 𝑊𝑑ℎ
(𝑡)

, we have: 

⇒ 𝑊𝑑ℎ
(𝑡)
= 𝑊𝑑ℎ𝑞𝑑ℎ [1 + 𝛾1𝑥̅𝑑ℎ

(𝑡)
+ 𝛾2𝑠𝑥𝑑ℎ

2(𝑡)
]      

Hence Eq. 6 becomes 

𝑦̂̅𝑠𝑡1
(𝑡) = ∑ 𝑊𝑑ℎ𝑞𝑑ℎ

𝐿
ℎ=1 𝑦̅𝑑ℎ

∗(𝑡) + 𝛽̂1 (𝑋̅𝑑
(𝑡) − ∑ 𝑊𝑑ℎ𝑞𝑑ℎ𝑥̅𝑑ℎ

(𝑡)𝐿
ℎ=1 ) + 𝛽̂2(𝑆𝑥𝑑

2(𝑡)
− ∑ 𝑊𝑑ℎ𝑞𝑑ℎ𝑠𝑥𝑑ℎ

2(𝑡)𝐿
ℎ=1 )        (7)    

where  

𝛽̂1 =
(∑ 𝑊𝑑ℎ𝑞𝑑ℎ

𝐿
ℎ=1 𝑥̅𝑑ℎ

(𝑡)
𝑦̅𝑑ℎ
∗(𝑡)

)(∑ 𝑊𝑑ℎ𝑞𝑑ℎ
𝐿
ℎ=1 𝑠𝑥𝑑ℎ

4(𝑡)
)−(∑ 𝑊𝑑ℎ𝑞𝑑ℎ

𝐿
ℎ=1 𝑥̅𝑑ℎ

(𝑡)
𝑦̅𝑑ℎ
∗(𝑡)

)(∑ 𝑊𝑑ℎ𝑞𝑑ℎ𝑥̅𝑑ℎ
(𝑡)𝐿

ℎ=1 𝑠𝑥𝑑ℎ
2(𝑡)

)

(∑ 𝑊𝑑ℎ𝑞𝑑ℎ
𝐿
ℎ=1 𝑥̅𝑑ℎ

2(𝑡)
)(∑ 𝑊𝑑ℎ𝑞𝑑ℎ

𝐿
ℎ=1 𝑠

𝑥𝑑ℎ
4(𝑡)

)−(∑ 𝑊𝑑ℎ𝑞𝑑ℎ𝑥̅𝑑ℎ
(𝑡)
𝑠
𝑥𝑑ℎ
2(𝑡)𝐿

ℎ=1 )
2   

𝜷̂𝟐 =
(∑ 𝑾𝒅𝒉𝒒𝒅𝒉

𝑳
𝒉=𝟏 𝒙̅𝒅𝒉

𝟐(𝒕)) (∑ 𝑾𝒅𝒉𝒒𝒅𝒉𝒚̅𝒅𝒉
∗(𝒕)𝒔𝒙𝒅𝒉

𝟐(𝒕)𝑳
𝒉=𝟏 ) − (∑ 𝑾𝒅𝒉𝒒𝒅𝒉𝒙̅𝒅𝒉

(𝒕)𝑳
𝒉=𝟏 𝒔𝒙𝒅𝒉

𝟐(𝒕)) (∑ 𝑾𝒅𝒉𝒒𝒅𝒉𝒚̅𝒅𝒉
∗(𝒕)𝒔𝒙𝒅𝒉

𝟐(𝒕)𝑳
𝒉=𝟏 )

(∑ 𝑾𝒅𝒉𝒒𝒅𝒉
𝑳
𝒉=𝟏 𝒙̅𝒅𝒉

𝟐 )(∑ 𝑾𝒅𝒉𝒒𝒅𝒉
𝑳
𝒉=𝟏 𝒔𝒙𝒅𝒉

𝟒 ) − (∑ 𝑾𝒅𝒉𝒒𝒅𝒉𝒙̅𝒅𝒉𝒔𝒙𝒅𝒉
𝟐𝑳

𝒉=𝟏 )
𝟐

 

Bias and MSE of the Proposed Estimator 

Using large sample approximations,  

let 𝑒0
∗ =

𝑦̅𝑑ℎ
∗(𝑡)

−𝑌̅𝑑ℎ
(𝑡)

𝑌̅𝑑ℎ
(𝑡)  ,   𝑒1 =

𝑥̅𝑑ℎ
(𝑡)
−𝑋̅𝑑ℎ

(𝑡)

𝑋̅𝑑ℎ
(𝑡) ,   𝑒2 =

𝑠𝑥𝑑ℎ
2(𝑡)

−𝑆𝑑ℎ
2(𝑡)

𝑆
𝑑ℎ
2(𝑡) ,   𝑒3 =

𝛽̂1−𝛽1

𝛽1
,  and   𝑒4 =

𝛽̂2−𝛽2

𝛽2
 

where  𝑦̅𝑑ℎ
∗(𝑡)

=
𝑛𝑑ℎ1𝑦̅𝑑1+𝑛𝑑ℎ2𝑦̅𝑑2

𝑛𝑑ℎ
 ,     𝑥̅𝑑ℎ

(𝑡)
=

1

𝑛𝑑ℎ
∑ 𝑥𝑑ℎ𝑖

(𝑡)𝑛𝑑ℎ
𝑖=1  ,     𝑋̅𝑑ℎ =

1

𝑁𝑑ℎ
∑ 𝑋𝑑ℎ𝑖

(𝑡)𝑁𝑑ℎ
𝑖=1 , 

 𝑠𝑥𝑑ℎ
2 =

1

𝑛𝑑ℎ−1
∑ (𝑥𝑑ℎ𝑖 − 𝑥̅𝑑ℎ)

2
𝑖=1 ,  𝑋̅𝑑 =

1

𝑁𝑑
∑ 𝑋̅𝑑ℎ
𝐿
ℎ=1 ,  𝑆𝑥𝑑ℎ

2 =
1

𝑁𝑑ℎ−1
∑ (𝑋𝑑ℎ𝑖 − 𝑋̅𝑑ℎ)

2
𝑖=1 , 

𝑆𝑑
2 =

1

𝑁𝑑−1
∑ (𝑋𝑑ℎ − 𝑋̅𝑑)

2
ℎ=1   

The above expressions can be summarized as follows 

   

{
  
 

  
 𝑦̅𝑑ℎ

∗(𝑡) = 𝑌̅𝑑ℎ
(𝑡)(1 + 𝑒0

∗)

𝑥̅𝑑ℎ
(𝑡)
= 𝑋̅𝑑ℎ

(𝑡)
(1 + 𝑒1)

𝑠𝑥𝑑ℎ
2(𝑡)

= 𝑆𝑑ℎ
2(𝑡)

(1 + 𝑒2)

𝛽̂1 = 𝛽1(1 + 𝑒3)

𝛽̂2 = 𝛽2(1 + 𝑒4)

       (8)     

Again, let E[𝑒0
∗2] =  

𝐸[𝑦̅𝑑ℎ
∗(𝑡)

−𝑌̅𝑑ℎ
(𝑡)
]
2

𝑌̅𝑑ℎ
2(𝑡) =  (

1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)
𝑆𝑦𝑑ℎ
2(𝑡)

𝑌̅𝑑ℎ
2(𝑡) +

𝐾𝑑ℎ−1

𝑌̅𝑑ℎ
2(𝑡)

𝑛𝑑ℎ2
𝑊𝑑ℎ2𝑆𝑦𝑑ℎ2

2(𝑡)
  

E[𝑒1
2] =  

𝐸[𝑥̅𝑑ℎ
(𝑡)
−𝑋̅𝑑ℎ

(𝑡)
]
2

𝑋̅𝑑ℎ
2(𝑡) = (

1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)
𝑆𝑥𝑑ℎ
2(𝑡)

𝑋̅𝑑ℎ
2(𝑡) , E[𝑒2

2] = (
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
) (𝜆04 − 1)    

𝐸[𝑒0
∗𝑒1] = 𝐸 [(

𝑥̅𝑑ℎ
(𝑡)
−𝑋̅𝑑ℎ

(𝑡)

𝑋̅𝑑ℎ
(𝑡) )(

𝑦̅𝑑ℎ
∗(𝑡)

−𝑌̅𝑑ℎ
(𝑡)

𝑌̅𝑑ℎ
(𝑡) )] =

𝐶𝑂𝑉(𝑥̅𝑑ℎ
(𝑡)
,𝑦̅𝑑ℎ
∗(𝑡)

)

𝑋̅𝑑ℎ
(𝑡)
𝑌̅𝑑ℎ
(𝑡)  = (

1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)
𝜌𝑥𝑦𝑆𝑥𝑑ℎ

(𝑡)
𝑆𝑦𝑑ℎ
(𝑡)

𝑋̅𝑑ℎ
(𝑡)
𝑌̅𝑑ℎ
(𝑡)     

where 𝐸[𝑒0
∗] = 𝐸 [

𝑦̅𝑑ℎ
∗(𝑡)

−𝑌̅𝑑ℎ
(𝑡)

𝑌̅𝑑ℎ
(𝑡) ] =

𝑌̅𝑑
(𝑡)
−𝑌̅𝑑

(𝑡)

𝑌̅𝑑
(𝑡) = 0. Similarly,  𝐸[𝑒1] = 𝐸[𝑒2] = 𝐸[𝑒3] = 𝐸[𝑒4] =  0  
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𝐸[𝑒1𝑒2] = (
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)
𝑆𝑥𝑑ℎ
(𝑡)

𝑋̅𝑑ℎ
(𝑡) 𝜆03        

where  

𝜆𝑟𝑠 =
𝜇𝑟𝑠

𝜇20
𝑟 2⁄

𝜇02
𝑟 2⁄ , and  𝜇𝑟𝑠 =

1

𝑁𝑑−1
∑ (𝑌̅𝑑ℎ

(𝑡)
− 𝑌̅𝑑

(𝑡)
)
𝑟
(𝑋̅𝑑ℎ

(𝑡)
− 𝑋̅𝑑

(𝑡)
)
𝑠

𝐻
ℎ=1 , 𝜇20 = 𝑆𝑦𝑑ℎ

2(𝑡)
,  𝜇02 = 𝑆𝑥𝑑ℎ

2(𝑡)
 

hence, 𝜆03 =
𝜇03

𝜇20
0 2⁄

𝜇02
3 2⁄ ,  and  𝐸[𝑒0

∗𝑒2] = (
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)
𝑆𝑦𝑑ℎ
(𝑡)

𝑌̅𝑑ℎ
(𝑡) 𝜆12     

To obtain bias,  (8) is substituted into (7) as follows 

𝑦̂̅𝑠𝑡1
(𝑡)
= ∑ 𝑊𝑑ℎ𝑌̅𝑑ℎ

(𝑡)
(1 + 𝑒0

∗) + 𝛽1(1 + 𝑒3) (𝑋̅𝑑
(𝑡)
− ∑ 𝑊𝑑ℎ𝑋̅𝑑ℎ

(𝑡)
(1 + 𝑒1)

𝐿
ℎ=1 )𝐿

ℎ=1 + 𝛽2(1 + 𝑒4) (𝑆𝑑
2(𝑡)

− ∑ 𝑊𝑑ℎ𝑆𝑥𝑑ℎ
2(𝑡)

(1 +𝐿
ℎ=1

𝑒2))   

= 𝑌̅𝑑
∗(𝑡)

+ ∑ 𝑊𝑑ℎ𝑌̅𝑑ℎ
(𝑡)
𝑒0
∗𝐿

ℎ=1 + (𝛽1 + 𝛽1𝑒3) (𝑋̅𝑑
(𝑡)
− 𝑋̅𝑑

(𝑡)
− ∑ 𝑊𝑑ℎ𝑋̅𝑑ℎ

(𝑡)
𝑒1

𝐿
ℎ=1 ) + (𝛽2 + 𝛽2𝑒4) (𝑆𝑑

2(𝑡)
− 𝑆𝑑

2(𝑡)
−

∑ 𝑊𝑑ℎ𝑆𝑑ℎ
2(𝑡)

𝑒2
𝐿
ℎ=1 )   

= 𝑌̅𝑑
(𝑡)
+∑ 𝑊𝑑ℎ𝑌̅𝑑ℎ

(𝑡)
𝑒0
∗𝐿

ℎ=1 − 𝛽1∑ 𝑊𝑑ℎ𝑋̅𝑑ℎ
(𝑡)
𝑒1

𝐿
ℎ=1 − 𝛽1∑ 𝑊𝑑ℎ𝑋̅𝑑ℎ

(𝑡)
𝑒1𝑒3

𝐿
ℎ=1 −𝛽2∑ 𝑊𝑑ℎ𝑆𝑑ℎ

2(𝑡)
𝑒2

𝐿
ℎ=1 − 𝛽2∑ 𝑊𝑑ℎ𝑆𝑑ℎ

2(𝑡)
𝑒2

𝐿
ℎ=1 𝑒4 

          (9) 

Taking expectation of (9) 

𝐸(𝑦̂̅𝑠𝑡1
(𝑡)
) = 𝑌̅𝑑

(𝑡)
+ ∑ 𝑊𝑑ℎ𝑌̅𝑑ℎ

(𝑡)
𝐸(𝑒0

∗)𝐿
ℎ=1 − 𝛽1∑ 𝑊𝑑ℎ𝑋̅𝑑ℎ

(𝑡)
𝐸(𝑒1)

𝐿
ℎ=1 − 𝛽1∑ 𝑊𝑑ℎ𝑋̅𝑑ℎ

(𝑡)
𝐸(𝑒1𝑒3

𝐿
ℎ=1 ) −

𝛽2∑ 𝑊𝑑ℎ𝑆𝑑ℎ
2(𝑡)

𝐸(𝑒2)
𝐿
ℎ=1 − 𝛽2∑ 𝑊𝑑ℎ𝑆𝑑ℎ

2(𝑡)
𝐸(𝑒2

𝐿
ℎ=1 𝑒4)  

= 𝑌̅𝑑
(𝑡)
− 𝛽1∑ 𝑊𝑑ℎ𝑋̅𝑑ℎ

(𝑡)
𝐸(𝑒1𝑒3

𝐿
ℎ=1 ) − 𝛽2∑ 𝑊𝑑ℎ𝑆𝑑ℎ

2(𝑡)
𝐸(𝑒2

𝐿
ℎ=1 𝑒4)  

= 𝑌̅𝑑
(𝑡)
− 𝛽1𝑋̅𝑑

(𝑡)𝐸(𝑒1𝑒3) − 𝛽2𝑆𝑑
2(𝑡)

𝐸(𝑒2𝑒4)  

= 𝑌̅𝑑
(𝑡)
− 𝐶𝑜𝑣 [𝑥̅𝑑

(𝑡), 𝛽̂1] − 𝐶𝑜𝑣 [𝑠𝑑
2(𝑡), 𝛽̂2]  

Thus, 

Bias(𝑦̂̅𝑠𝑡1
(𝑡)
) = −𝐶𝑜𝑣 [𝑥̅𝑑

(𝑡), 𝛽̂1] − 𝐶𝑜𝑣 [𝑠𝑑
2(𝑡), 𝛽̂2]      (10) 

To obtain MSE, we consider the following 

MSE(𝑦̂̅𝑠𝑡1
(𝑡)
) = E[𝑦̂̅𝑠𝑡1

(𝑡)
− 𝑌̅𝑑

(𝑡)
]
2
         

substituting for 𝑦̂̅𝑠𝑡1
(𝑡)

, gives 

= 𝐸 [∑ 𝑊𝑑ℎ𝑌̅𝑑ℎ
(𝑡)(1 + 𝑒0

∗) + 𝛽1(1 + 𝑒3) (𝑋̅𝑑
(𝑡)
− ∑ 𝑊𝑑ℎ𝑋̅𝑑ℎ

(𝑡)(1 + 𝑒1)
𝐿
ℎ=1 )𝐿

ℎ=1 + 𝛽2(1 + 𝑒4) (𝑆𝑑
2(𝑡)

− ∑ 𝑊𝑑ℎ𝑆𝑥𝑑ℎ
2(𝑡)(1 +𝐿

ℎ=1

𝑒2)) − 𝑌̅𝑑
(𝑡)
]
2
  

 = ∑ 𝑊𝑑ℎ
2 [(

1

ndh
−

1

Ndh
) 𝑆𝑦𝑑ℎ

2(𝑡)
+ 

(kdh−1)𝑊𝑑ℎ2𝑆𝑦𝑑ℎ2
2(𝑡)

ndh2
]𝐿

ℎ=1 − 2𝛽1∑ 𝑊𝑑ℎ
2𝐿

ℎ=1 (
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝜌𝑥𝑦𝑆𝑥𝑑ℎ

(𝑡)
𝑆𝑦𝑑ℎ
(𝑡)

−

2 𝛽2∑ 𝑊𝑑ℎ
2 𝑆𝑑

2(𝑡)𝐿
ℎ=1 (

1

𝑛𝑑ℎ
−

1

𝑁𝑑
)𝑆𝑦𝑑ℎ

(𝑡)
𝜆12 + 2𝛽1𝛽2∑ 𝑊𝑑ℎ

2 𝑆𝑑ℎ
2(𝑡)𝐿

ℎ=1 (
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝑆𝑥𝑑ℎ

(𝑡)
𝜆03 + 𝛽1

2∑ 𝑊𝑑ℎ
2𝐿

ℎ=1 (
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
) 𝑆𝑥𝑑ℎ

2(𝑡)
+ 𝛽2

2∑ 𝑊𝑑ℎ
2𝐿

ℎ=1 (
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
) 𝑆𝑑ℎ

4(𝑡)(𝜆04 − 1)    (11)      Minimum Mean Square Error 

To obtain the minimum MSE, Eq. 11 is differentiated partially with respect to  β1and β2 
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𝛽1∑ 𝑊𝑑ℎ
2𝐿

ℎ=1 (
1

ndh
−

1

Ndh
) 𝑆𝑥𝑑ℎ

2(𝑡)
+ 𝛽2∑ 𝑊𝑑ℎ

2 𝑆𝑑ℎ
2(𝑡)𝐿

ℎ=1 (
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
) 𝑆𝑥𝑑ℎ

(𝑡)
𝜆03 = ∑ 𝑊𝑑ℎ

2𝐿
ℎ=1 (

1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝜌𝑥𝑦𝑆𝑥𝑑ℎ

(𝑡)
𝑆𝑦𝑑ℎ
(𝑡)

           

                                                                                          

Also,         

𝛽1∑ 𝑊𝑑ℎ
2 𝑆𝑑ℎ

2(𝑡)𝐿
ℎ=1 (

1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝑆𝑥𝑑ℎ

(𝑡)
𝜆03 + 𝛽2∑ 𝑊𝑑ℎ

2𝐿
ℎ=1 𝑆𝑑ℎ

4(𝑡)
(
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
) (𝜆04 − 1)  = ∑ 𝑊𝑑ℎ

2𝐿
ℎ=1 (

1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝑆𝑦𝑑ℎ

3(𝑡)
𝜆12  

       

solving for 𝛽1 and 𝛽2 simultaneously give 

𝛽1𝑜𝑝𝑡 =

(∑ 𝑊𝑑ℎ
2𝐿

ℎ=1 (
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝜌𝑥𝑦𝑆𝑥𝑑ℎ

(𝑡)
𝑆𝑦𝑑ℎ
(𝑡)

)(∑ 𝑊𝑑ℎ
2𝐿

ℎ=1 𝑆𝑑ℎ
4(𝑡)

(
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)(𝜆04−1))

−(∑ 𝑊𝑑ℎ
2𝐿

ℎ=1 (
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝑆𝑦𝑑ℎ
3(𝑡)

𝜆12)(∑ 𝑊𝑑ℎ
2 𝑆𝑑ℎ

2(𝑡)𝐿
ℎ=1 (

1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝑆𝑥𝑑ℎ
(𝑡)

𝜆03)

(∑ 𝑊𝑑ℎ
2𝐿

ℎ=1 (
1

ndh
−

1

Ndh
)𝑆𝑥𝑑ℎ
2(𝑡)

)(∑ 𝑊𝑑ℎ
2𝐿

ℎ=1 𝑆𝑑ℎ
4(𝑡)

(
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)(𝜆04−1))

−(∑ 𝑊𝑑ℎ
2 𝑆𝑑ℎ

2(𝑡)𝐿
ℎ=1 (

1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝑆𝑥𝑑ℎ
(𝑡)

𝜆03)
2

    (12) 

 

𝛽2𝑜𝑝𝑡 =

(∑ 𝑊𝑑ℎ
2𝐿

ℎ=1 (
1

ndh
−

1

Ndh
)𝑆𝑥𝑑ℎ
2(𝑡)

)(∑ 𝑊𝑑ℎ
2𝐿

ℎ=1 (
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝑆𝑦𝑑ℎ
3(𝑡)

𝜆12)

−(∑ 𝑊𝑑ℎ
2 𝑆𝑑ℎ

2(𝑡)𝐿
ℎ=1 (

1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝑆𝑥𝑑ℎ
(𝑡)

𝜆03)(∑ 𝑊𝑑ℎ
2𝐿

ℎ=1 (
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝜌𝑥𝑦𝑆𝑥𝑑ℎ

(𝑡)
𝑆𝑦𝑑ℎ
(𝑡)

)

(∑ 𝑊𝑑ℎ
2𝐿

ℎ=1 (
1

ndh
−

1

Ndh
)𝑆𝑥𝑑ℎ
2(𝑡)

)(∑ 𝑊𝑑ℎ
2𝐿

ℎ=1 𝑆𝑑ℎ
4(𝑡)

(
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)(𝜆04−1))

−(∑ 𝑊𝑑ℎ
2 𝑆𝑑ℎ

2(𝑡)𝐿
ℎ=1 (

1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝑆𝑥𝑑ℎ
(𝑡)

𝜆03)
2

         (13) 

Substituting for Eqs. 12 and 13 in Eq.11 gives 

MSEmin (𝑦̂̅𝑠𝑡1
(𝑡)) = ∑ 𝑊𝑑ℎ

2 [(
1

ndh
−

1

Ndh
) 𝑆𝑦𝑑ℎ

2(𝑡)
+ 

(kdh−1)𝑊𝑑ℎ2𝑆𝑦𝑑ℎ2
2(𝑡)

ndh2
]𝐿

ℎ=1 − 2𝛽1𝑜𝑝𝑡∑ 𝑊𝑑ℎ
2𝐿

ℎ=1 (
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
) 𝜌𝑥𝑦𝑆𝑥𝑑ℎ

(𝑡)
𝑆𝑦𝑑ℎ
(𝑡)

−

2 𝛽2𝑜𝑝𝑡 ∑ 𝑊𝑑ℎ
2 𝑆𝑑

2(𝑡)𝐿
ℎ=1 (

1

𝑛𝑑ℎ
−

1

𝑁𝑑
) 𝑆𝑦𝑑ℎ

(𝑡)
𝜆12 + 2𝛽1𝑜𝑝𝑖𝛽2𝑜𝑝𝑖 ∑ 𝑊𝑑ℎ

2 𝑆𝑑ℎ
2(𝑡)𝐿

ℎ=1 (
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝑆𝑥𝑑ℎ

(𝑡)
𝜆03 + 𝛽1𝑜𝑝𝑡

2 ∑ 𝑊𝑑ℎ
2𝐿

ℎ=1 (
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
) 𝑆𝑥𝑑ℎ

2(𝑡)
+ 𝛽2𝑜𝑝𝑡

2 ∑ 𝑊𝑑ℎ
2𝐿

ℎ=1 (
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
) 𝑆𝑑ℎ

4(𝑡)(𝜆04 − 1) (14)   

 

Case II: By adopting condition 2, the properties of the proposed estimator when nonresponse is observed in both the study 

and the auxiliary variables are as follows 

Let 𝑥̅𝑑ℎ
∗(𝑡)

be analogously defined as 𝑦̅𝑑ℎ
∗(𝑡)

 with sub-sampling the nonresponse strategy, thus 

   𝑥̅𝑑ℎ
∗(𝑡) =

𝑛𝑑ℎ1𝑥̅𝑑1+𝑛𝑑ℎ2𝑥̅𝑑2

𝑛𝑑ℎ
 

Then Eq. 6 can be written as 

𝑦̂̅𝑠𝑡2
(𝑡) = ∑ 𝑊𝑑ℎ𝑞𝑑ℎ

𝐿
ℎ=1 𝑦̅𝑑ℎ

∗(𝑡) + 𝛽̂1 (𝑋̅𝑑
(𝑡) − ∑ 𝑊𝑑ℎ𝑞𝑑ℎ𝑥̅𝑑ℎ

∗(𝑡)𝐿
ℎ=1 ) + 𝛽̂2(𝑆𝑥𝑑ℎ

2(𝑡)
− ∑ 𝑊𝑑ℎ𝑞𝑑ℎ𝑠𝑥𝑑ℎ

2(𝑡)𝐿
ℎ=1 )  (15) 

Such that  𝑥̅𝑑ℎ
∗(𝑡) = 𝑋̅𝑑ℎ

(𝑡)(1 + 𝑒1
∗) and 
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{
  
 

  
 E[𝑒1

2∗] = (
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)
𝑆𝑥𝑑ℎ
2(𝑡)

𝑋̅𝑑ℎ
2(𝑡) +

𝐾𝑑ℎ−1

𝑋̅𝑑ℎ
2(𝑡)

ndh2
𝑊𝑑ℎ2𝑆𝑥𝑑ℎ2

2(𝑡)

𝐸(𝑒0
∗𝑒1
∗) = (

1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
) 𝜌𝑥𝑦𝑑ℎ

𝑆𝑥𝑑ℎ
(𝑡)

𝑋̅𝑑ℎ
(𝑡)

𝑆𝑦𝑑ℎ
(𝑡)

𝑌̅𝑑ℎ
(𝑡) +

𝐾𝑑ℎ−1

𝑋̅𝑑ℎ
(𝑡)
𝑌̅𝑑ℎ
(𝑡)
ndh2

𝑊𝑑ℎ2𝜌𝑥𝑦𝑑ℎ2𝑆𝑥𝑑ℎ2
(𝑡)

𝑆𝑦𝑑ℎ2
(𝑡)

𝐸[𝑒1
∗𝑒2] = (

1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)
𝑆𝑥𝑑ℎ
(𝑡)

𝑋̅𝑑ℎ
(𝑡) 𝜆03

     

Then Eq. 15 can be written in terms of the large sample approximations as      

  

𝑦̂̅𝑠𝑡2
(𝑡)
= ∑ 𝑊𝑑ℎ𝑌̅𝑑ℎ

∗(𝑡)
(1 + 𝑒0

∗) + 𝛽1(1 + 𝑒3) (𝑋̅𝑑
(𝑡)
− ∑ 𝑊𝑑ℎ𝑋̅𝑑ℎ

(𝑡)
(1 + 𝑒1

∗)𝐿
ℎ=1 )𝐿

ℎ=1 + 𝛽2(1 + 𝑒4) (𝑆𝑑
2(𝑡)

− ∑ 𝑊𝑑ℎ𝑆𝑥𝑑ℎ
2(𝑡)

(1 +𝐿
ℎ=1

𝑒2))   

= 𝑌̅𝑑
∗(𝑡)

+ ∑ 𝑊𝑑ℎ𝑌̅𝑑ℎ
∗(𝑡)
𝑒0
∗𝐿

ℎ=1 − 𝛽1∑ 𝑊𝑑ℎ𝑋̅𝑑ℎ
(𝑡)
𝑒1
∗𝐿

ℎ=1 − 𝛽1∑ 𝑊𝑑ℎ𝑋̅𝑑ℎ
(𝑡)
𝑒1
∗𝑒3

𝐿
ℎ=1 −𝛽2∑ 𝑊𝑑ℎ𝑆𝑑ℎ

2(𝑡)
𝑒2

𝐿
ℎ=1 −

𝛽2∑ 𝑊𝑑ℎ𝑆𝑑ℎ
2(𝑡)

𝑒2
𝐿
ℎ=1 𝑒4           (16) 

Taking expectation of Eq. 16 and substituting for the large sample approximations 

𝐸(𝑦̂̅𝑠𝑡2
(𝑡)
) = 𝑌̅𝑑

∗(𝑡)
− ∑ 𝑊𝑑ℎ𝑋̅𝑑ℎ

(𝑡)
𝐸(𝑒1

∗𝑒3
𝐿
ℎ=1 ) − 𝛽2∑ 𝑊𝑑ℎ𝑆𝑑ℎ

2(𝑡)
𝐸(𝑒2

𝐿
ℎ=1 𝑒4)  

= 𝑌̅𝑑
∗(𝑡)

− 𝛽1𝑋̅𝑑
(𝑡)
𝐸(𝑒1

∗𝑒3) − 𝛽2𝑆𝑑
2(𝑡)

𝐸(𝑒2𝑒4)  

= 𝑌̅𝑑
∗(𝑡)

= −𝐶𝑜𝑣 [𝑥̅𝑑
(𝑡), 𝛽̂1] − 𝐶𝑜𝑣 [𝑠𝑑

2(𝑡), 𝛽̂2]  

  

Bias(𝑦̂̅𝑠𝑡2
(𝑡)
) = −𝐶𝑜𝑣 [𝑥̅𝑑

(𝑡), 𝛽̂1] − 𝐶𝑜𝑣 [𝑠𝑑
2(𝑡), 𝛽̂2]       (17) 

MSE of the proposed estimator  

Proof: 

Let the MSE of 𝑦̂̅𝑠𝑡2
(𝑡)

 under the condition 2 be denoted as MSE(𝑦̂̅𝑠𝑡2
(𝑡)
) 

MSE(𝑦̂̅𝑠𝑡2
(𝑡)
) = E[𝑦̂̅𝑠𝑡2

(𝑡)
− 𝑌̅𝑑

(𝑡)
]
2
        

substituting for 𝑦̂̅𝑠𝑡2
(𝑡)

 gives 

= 𝐸 [∑ 𝑊𝑑ℎ𝑌̅𝑑ℎ
(𝑡)
(1 + 𝑒0

∗) + 𝛽1(1 + 𝑒3) (𝑋̅𝑑
(𝑡)
− ∑ 𝑊𝑑ℎ𝑋̅𝑑ℎ

(𝑡)
(1 + 𝑒1

∗)𝐿
ℎ=1 )𝐿

ℎ=1 + 𝛽2(1 + 𝑒4) (𝑆𝑑
2(𝑡)

− ∑ 𝑊𝑑ℎ𝑆𝑥𝑑ℎ
2(𝑡)

(1 +𝐿
ℎ=1

𝑒2)) − 𝑌̅𝑑
(𝑡)
]
2
  

𝑀𝑆𝐸(𝑦̂̅𝑠𝑡2
(𝑡)
) = ∑ 𝑊𝑑ℎ

2𝐿
ℎ=1 𝑌̅𝑑ℎ

2(𝑡)𝐸(𝑒0
2∗)  − 2𝛽1∑ 𝑊𝑑ℎ

2 𝑋̅𝑑ℎ
(𝑡)𝑌̅𝑑ℎ

(𝑡)𝐿
ℎ=1 𝐸(𝑒0

∗𝑒1
∗) − 2 𝛽2∑ 𝑊𝑑ℎ

2 𝑌̅𝑑ℎ
(𝑡)𝑆𝑑ℎ

2(𝑡)𝐿
ℎ=1 𝐸(𝑒0

∗𝑒2) +

2𝛽1𝛽2∑ 𝑊𝑑ℎ
2 𝑋̅𝑑ℎ

(𝑡)𝑆𝑑ℎ
2(𝑡)𝐿

ℎ=1 𝐸(𝑒1
∗𝑒2) + 𝛽1

2∑ 𝑊𝑑ℎ
2𝐿

ℎ=1 𝑋̅𝑑ℎ
2(𝑡)𝐸(𝑒1

2∗) + 𝛽2
2∑ 𝑊𝑑ℎ

2𝐿
ℎ=1 𝑆𝑑ℎ

4(𝑡)𝐸(𝑒2
2)      

                                                                                       

= ∑ 𝑊𝑑ℎ
2 [(

1

ndh
−

1

Ndh
) 𝑆𝑦𝑑ℎ

2(𝑡) + 
(kdh−1)𝑊𝑑ℎ2𝑆𝑦𝑑ℎ2

2(𝑡)

ndh2
]𝐿

ℎ=1 − 2𝛽1∑ 𝑊𝑑ℎ
2𝐿

ℎ=1 [(
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
) 𝜌𝑥𝑦𝑑ℎ𝑆𝑥𝑑ℎ2

(𝑡) 𝑆𝑦𝑑ℎ2
(𝑡) +

𝐾𝑑ℎ−1

𝑛𝑑ℎ2
𝑊𝑑ℎ2𝜌𝑥𝑦𝑑ℎ2𝑆𝑥𝑑ℎ2

(𝑡) 𝑆𝑦𝑑ℎ2
(𝑡)

] − 2 𝛽2∑ 𝑊𝑑ℎ
2 𝑆𝑑

2(𝑡)𝐿
ℎ=1 (

1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
) 𝑆𝑦𝑑ℎ

2(𝑡)𝜆12 + 2𝛽1𝛽2∑ 𝑊𝑑ℎ
2 𝑆𝑑

2(𝑡)𝐿
ℎ=1 (

1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
) 𝑆𝑥𝑑ℎ

(𝑡) 𝜆03 + 𝛽1
2∑ 𝑊𝑑ℎ

2𝐿
ℎ=1 [(

1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝑆𝑥𝑑ℎ

2(𝑡) +
𝐾𝑑ℎ−1

𝑛𝑑ℎ2
𝑊𝑑ℎ2𝑆𝑥𝑑ℎ2

2(𝑡)
]  

+𝛽2
2∑ 𝑊𝑑ℎ

2𝐿
ℎ=1 (

1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
) 𝑆𝑑ℎ

4(𝑡)(𝜆04 − 1)        (18)  
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To obtain minimum MSE, we differentiate (18) partially with respect to  𝛽1𝑎𝑛𝑑 𝛽2 

𝛽1∑ 𝑊𝑑ℎ
2𝐿

ℎ=1 [(
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
) 𝑆𝑥𝑑ℎ

2(𝑡)
+
𝐾𝑑ℎ−1

𝑛𝑑ℎ2
𝑊𝑑ℎ2𝑆𝑥𝑑ℎ2

2(𝑡)
] + 𝛽2∑ 𝑊𝑑ℎ

2 𝑆𝑑ℎ
2(𝑡)𝐿

ℎ=1 (
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝑆𝑥𝑑ℎ

(𝑡)
𝜆03 = ∑ 𝑊𝑑ℎ

2𝐿
ℎ=1 [(

1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
) 𝜌𝑥𝑦𝑑ℎ𝑆𝑥𝑑ℎ2

(𝑡)
𝑆𝑦𝑑ℎ2
(𝑡)

+
𝐾𝑑ℎ−1

𝑛𝑑ℎ2
𝑊𝑑ℎ2𝜌𝑥𝑦𝑑ℎ2𝑆𝑥𝑑ℎ2

(𝑡)
𝑆𝑦𝑑ℎ2
(𝑡)

]                                                                                      

       

𝛽1∑ 𝑊𝑑ℎ
2 𝑆𝑑ℎ

2(𝑡)𝐿
ℎ=1 (

1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝑆𝑥𝑑ℎ

(𝑡)
𝜆03 + 𝛽2∑ 𝑊𝑑ℎ

2𝐿
ℎ=1 𝑆𝑑ℎ

4(𝑡)
(
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
) (𝜆04 − 1)  = ∑ 𝑊𝑑ℎ

2 𝑆𝑑
2(𝑡)𝐿

ℎ=1 (
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
) 𝑆𝑦𝑑ℎ

2(𝑡)
𝜆12          

solving for 𝛽1 and 𝛽2 simultaneously give 

𝛽1𝑂𝑃𝑇 =

(∑ 𝑊𝑑ℎ
2𝐿

ℎ=1 [(
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝜌𝑥𝑦𝑑ℎ𝑆𝑥𝑑ℎ2

(𝑡)
𝑆𝑦𝑑ℎ2
(𝑡)

+
𝐾𝑑ℎ−1

𝑛𝑑ℎ2
𝑊𝑑ℎ2𝜌𝑥𝑦𝑑ℎ2𝑆𝑥𝑑ℎ2

(𝑡)
𝑆𝑦𝑑ℎ2
(𝑡)

])(∑ 𝑊𝑑ℎ
2𝐿

ℎ=1 𝑆𝑑ℎ
4(𝑡)

(
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)(𝜆04−1))

−(∑ 𝑊𝑑ℎ
2𝐿

ℎ=1 (
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝑆𝑦𝑑ℎ
3(𝑡)

𝜆12)(∑ 𝑊𝑑ℎ
2 𝑆𝑑ℎ

2(𝑡)𝐿
ℎ=1 (

1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝑆𝑥𝑑ℎ
(𝑡)

𝜆03)

(∑ 𝑊𝑑ℎ
2𝐿

ℎ=1 [(
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝑆𝑥𝑑ℎ
2(𝑡)

+
𝐾𝑑ℎ−1

𝑛𝑑ℎ2
𝑊𝑑ℎ2𝑆𝑥𝑑ℎ2

2(𝑡)
])(∑ 𝑊𝑑ℎ

2𝐿
ℎ=1 𝑆𝑑ℎ

4(𝑡)
(

1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)(𝜆04−1))

−(∑ 𝑊𝑑ℎ
2 𝑆𝑑ℎ

2(𝑡)𝐿
ℎ=1 (

1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝑆𝑥𝑑ℎ
(𝑡)

𝜆03)
2

  

  

𝛽2𝑂𝑃𝑇 =

(∑ 𝑊𝑑ℎ
2𝐿

ℎ=1 [(
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝑆𝑥𝑑ℎ
2(𝑡)

+
𝐾𝑑ℎ−1

𝑛𝑑ℎ2
𝑊𝑑ℎ2𝑆𝑥𝑑ℎ2

2(𝑡)
])(∑ 𝑊𝑑ℎ

2𝐿
ℎ=1 (

1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝑆𝑦𝑑ℎ
3(𝑡)

𝜆12)

−(∑ 𝑊𝑑ℎ
2 𝑆𝑑ℎ

2(𝑡)𝐿
ℎ=1 (

1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝑆𝑥𝑑ℎ
(𝑡)

𝜆03)(∑ 𝑊𝑑ℎ
2𝐿

ℎ=1 [(
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝜌𝑥𝑦𝑑ℎ𝑆𝑥𝑑ℎ2

(𝑡)
𝑆𝑦𝑑ℎ2
(𝑡)

+
𝐾𝑑ℎ−1

𝑛𝑑ℎ2
𝑊𝑑ℎ2𝜌𝑥𝑦𝑑ℎ2𝑆𝑥𝑑ℎ2

(𝑡)
𝑆𝑦𝑑ℎ2
(𝑡)

])

(∑ 𝑊𝑑ℎ
2𝐿

ℎ=1 [(
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝑆
𝑥𝑑ℎ
2(𝑡)

+
𝐾𝑑ℎ−1

𝑛𝑑ℎ2
𝑊𝑑ℎ2𝑆𝑥𝑑ℎ2

2(𝑡)
])(∑ 𝑊𝑑ℎ

2𝐿
ℎ=1 𝑆𝑑ℎ

4(𝑡)
(

1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)(𝜆04−1))

−(∑ 𝑊𝑑ℎ
2 𝑆𝑑ℎ

2(𝑡)𝐿
ℎ=1 (

1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝑆𝑥𝑑ℎ
(𝑡)

𝜆03)
2

  

Substituting for 𝛽1𝑂𝑃𝑇 and 𝛽2𝑂𝑃𝑇 in (18), we have 

MSEmin (𝑦̂̅𝑠𝑡2
(𝑡)) = ∑ 𝑊𝑑ℎ

2 [(
1

ndh
−

1

Ndh
) 𝑆𝑦𝑑ℎ

2(𝑡) + 
(kdh−1)𝑊𝑑ℎ2𝑆𝑦𝑑ℎ2

2(𝑡)

ndh2
]𝐿

ℎ=1 − 2𝛽1𝑂𝑃𝑇 ∑ 𝑊𝑑ℎ
2𝐿

ℎ=1 [(
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
) 𝜌𝑥𝑦𝑑ℎ𝑆𝑥𝑑ℎ2

(𝑡)
𝑆𝑦𝑑ℎ2
(𝑡)

+
𝐾𝑑ℎ−1

𝑛𝑑ℎ2
𝑊𝑑ℎ2𝜌𝑥𝑦𝑑ℎ2𝑆𝑥𝑑ℎ2

(𝑡)
𝑆𝑦𝑑ℎ2
(𝑡)

] − 2 𝛽2𝑂𝑃𝑇 ∑ 𝑊𝑑ℎ
2 𝑆𝑑

2(𝑡)𝐿
ℎ=1 (

1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝑆𝑦𝑑ℎ

2(𝑡)
𝜆12 +

2𝛽1𝑂𝑃𝑇𝛽2𝑂𝑃𝑇 ∑ 𝑊𝑑ℎ
2 𝑆𝑑

2(𝑡)𝐿
ℎ=1 (

1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝑆𝑥𝑑ℎ

(𝑡)
𝜆03 + 𝛽1𝑂𝑃𝑇

2 ∑ 𝑊𝑑ℎ
2𝐿

ℎ=1 [(
1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
) 𝑆𝑥𝑑ℎ

2(𝑡)
+
𝐾𝑑ℎ−1

𝑛𝑑ℎ2
𝑊𝑑ℎ2𝑆𝑥𝑑ℎ2

2(𝑡)
] +

𝛽2𝑂𝑃𝑇
2 ∑ 𝑊𝑑ℎ

2𝐿
ℎ=1 (

1

𝑛𝑑ℎ
−

1

𝑁𝑑ℎ
)𝑆𝑑ℎ

4(𝑡)(𝜆04 − 1)    (19) 

 

3. Empirical Study 

A real-life data obtained from the Household Finances and 

Consumption Survey (HFCS) and the Integrated 

Household Survey (IHS) from the Statistics Department of 

Central Bank of Nigeria which is a quarterly survey is 

partitioned into WAVE 1,2, 3 & 4 for 2019 (before 

COVID-19), WAVE 1, 2, 3 & 4 for 2020 (during COVID-

19) and WAVE 2, 3 & 4 for 2021 (After COVID-19).  The 

population is comprised of selected households spread 

across the 37 states (domains) of Nigeria. Again, the 

population is sub-divided into five groups (strata) as 

follows: those working in government organizations, 

private organizations, self-employed with own employees, 

self-employed without own employees, and unpaid family 

workers.  

3.1 Performance of Estimators  

The performance of the existing and proposed estimators 

across the domains are presented in Tables 1, 2 and 3 using 

average variance and mean square errors of the respective 

estimators. 
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Table 1: Performance of estimators across the domains using average variance and MSE in 2019 

ESTIMATORS WAVE 1 WAVE 2 WAVE 3 WAVE 4 

𝑉(𝑦̂̅𝑑) 22352872 11278590 2127110381 2128536792 

𝑀𝑆𝐸(𝑇𝐷𝑅.𝑠𝑡.𝑑) 198548137 437916767 300383822 334666336 

𝑀𝑆𝐸(𝑇𝐷𝐺.𝑠𝑡.𝐷) 55781052 435788250 433161749 4277954577 

𝑀𝑆𝐸(𝑇𝐷𝐺.𝑠𝑡.𝛽.𝑑) 45537277 41154765 31484947 34695256 

𝑀𝑆𝐸(𝑡𝑐𝑎𝑙
∗ )𝑚𝑖𝑛 33893634 416275960 48609844 3208332609 

MSEmin(𝑦̂̅𝑠𝑡1
(𝑡)
) 19334 61544 51873 411090 

MSEmin(𝑦̂̅𝑠𝑡2
(𝑡)
)                                                8321294 9801300 822347 875463 

Source: Authors’ computation 2026 

 

Table 2: Performance of estimators across the domains using average variance and MSE in 2020 

ESTIMATORS WAVE 1 WAVE 2 WAVE 3 WAVE 4 

𝑉(𝑦̂̅𝑑) 12070397032 1959390531 2696529563 2877211507 

𝑀𝑆𝐸(𝑇𝐷𝑅.𝑠𝑡.𝑑) 3174210324 6566261196 1891139700 2550790226 

𝑀𝑆𝐸(𝑇𝐷𝐺.𝑠𝑡.𝐷) 874122793 945289242 42607369 32456723 

𝑀𝑆𝐸(𝑇𝐷𝐺.𝑠𝑡.𝛽.𝑑) 764959433 45621109 411234543 354960584 

𝑀𝑆𝐸(𝑡𝑐𝑎𝑙
∗ )𝑚𝑖𝑛 40122897 576008934 11803955 10912063 

MSEmin(𝑦̂̅𝑠𝑡1
(𝑡)
) 66651 456395 47228 55217 

 MSEmin(𝑦̂̅𝑠𝑡2
(𝑡)
)                                                343673 2296842 436733 212321 

Source: Authors’ computation 2026 

 

Table 3: Performance of estimators across the domains using average variance and MSE in 2021 

ESTIMATORS WAVE 2 WAVE 3 WAVE 4 

𝑉(𝑦̂̅𝑑) 13079119911 8091356206 8261505450 

𝑀𝑆𝐸(𝑇𝐷𝑅.𝑠𝑡.𝑑) 3529448053 6219274382 9999628351 

𝑀𝑆𝐸(𝑇𝐷𝐺.𝑠𝑡.𝐷) 5083972010 5963101027 454438216 

𝑀𝑆𝐸(𝑇𝐷𝐺.𝑠𝑡.𝛽.𝑑) 634849473 534859495 412455644 

𝑀𝑆𝐸(𝑡𝑐𝑎𝑙
∗ )𝑚𝑖𝑛 9062483839 4782374466 55175506557 

MSEmin(𝑦̂̅𝑠𝑡1
(𝑡)
) 23453 21145 34647 

         MSEmin(𝑦̂̅𝑠𝑡2
(𝑡)
)                                                223465 43561 24683431 

 Source: Authors’ computation 2026 

 

4. Discussion This discussion is based on the empirical analysis carried 

out and presented in Tables 1, 2 and 3. From the result of 
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analysis in Tables 1, 2 and 3, it is observed that the average 

minimum mean square error of the proposed estimators 

𝑦̂̅𝑠𝑡1
(𝑡)

 and 𝑦̂̅𝑠𝑡2
(𝑡)

 are far less than the average Variance and 

MSEs of the existing estimators 

𝑦̂̅𝑑 , 𝑇𝐷𝑅.𝑠𝑡.𝑑 , 𝑇𝐷𝐺.𝑠𝑡.𝐷 , 𝑇𝐷𝐺.𝑠𝑡,𝛽.𝑑 and 𝑡𝑐𝑎𝑙
∗  across all the 

domains in all the waves of 2019, 2020 and 2021. This 

agrees with the literature in Bassey and Iseh (2025) on the 

use of the Kullback-Leibler distance measure for weight 

adjustment in small area estimation. In addition, it is 

observed that the estimator  𝑦̂̅𝑠𝑡1
(𝑡)

  has performed more 

efficiently than 𝑦̂̅𝑠𝑡2
(𝑡)

, probably because nonresponse 

affected both the study and auxiliary variables of the 

estimator 𝑦̂̅𝑠𝑡2
(𝑡)

. 

 

5.  Conclusion 

This study addresses the challenges facing small area 

estimation (SAE), particularly in the presence of 

nonresponse. By extending the Hansen & Hurwitz (1946) 

estimator, two new calibration-based estimators are 

proposed using the Kullback-Leibler distance function-

based weight adjustment to improve efficiency. The 

proposed estimators are formulated under two conditions: 

when nonresponse affects only the study variable and 

when nonresponse affects both the study and auxiliary 

variables. 

The empirical results show that the suggested estimator 

improves efficiency and minimizes estimation errors when 

compared to current estimators. Empirical investigations 

using real-life data from the HFCS and IHS from the 

Central Bank of Nigeria's Statistics Department (2019-

2021) to validate the theoretical derivations have revealed 

that the proposed estimators outperform existing 

estimators in terms of efficiency gains. This illustrates that 

the suggested estimators have asymptotic features that beat 

existing SAE estimators during various survey periods 

(before, during, and after COVID-19). 

 

The empirical investigation found that subsampling the 

nonresponse using calibration approaches considerably 

improved domain mean estimate in stratified sampling. 

The suggested estimators give a robust and 

computationally feasible strategy for dealing with small 

sample sizes and missing data, which can result in 

over/under estimation or sometimes yield negative weights 

in small area estimation.. 
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