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Abstract: In less than five months, the world was stunned and suddenly it appeared every labour done over time faces
collapse; health sector, sports, entertainment and global economy shaking and looks irrecoverable. The Coronavirus
infectious disease 19 (commonly called COVID-19) is the reason for all these sudden imbalance and implode in the
world today. We formulate a Mathematical Model that describes the possible dynamic of the disease spread. We first
set up a basic Mathematical model describing the population dynamics of COVID—19 under the assumption of
homogeneous mixing population. We perform the dynamical system analysis in the model, particularly obtaining the
threshold quantity, Ro, the basic reproduction number, and studying the stability of the system. We extend the model by
introducing palliative measures (control measures) such as self-isolation, social distancing and quarantining to ascertain
its efficacy in reducing the embarrassing spread of COVID—19 with attention also paid to effect overture. Our analytical
results supports the ongoing campaign to stay at home and isolation of the infectious individuals to mitigate further
spread.
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and United Kingdom [2] with varying number of deaths,

1 Introduction with the top four countries based on confirmed cases
In the past years, outbreaks of several viral infectious recording over ten thousand deaths already as at the time
such as Ebola and Lasser Fever have caused serious of this writing.

tension but this new case of infection has brought a Though the exact number of confirmed cases may not be
global alarm. The ravaging Coronavirus disease—19 known due to limited number of testing [3] but as at 10 :
(commonly called COVID—19) is a transmittible viral 04 :2020,12 : 51 GMT, the number of confirmed cases,
infectious disease caused by severe acute respiratory deaths and recoveries stood at 1,605,548;95,808 and
Coronavirus 2 (SARSCOV2)[1] which emerged in 337,561 respectively [4]. This thus keeps the global
Wauhan, China and has since spread across over 185 death, recovery  and carrier rate at
countries of the world. 5.93%,21%and73.07% respectively. Many more deaths
The spread of the infection has rampaged several envisaged in the coming days looking at the infectious
European, Asian, African, South American Countries. individual rates ( with cases ranging from mild to
Top in the list with record of confirmed cases include, severity).

United States, Spain, Italy Garmany, France, China, Iran
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The contact route includes from person to person through
respiratory droplets (from the nose and mouth) and close
contact. Its symptoms are but not limited to; trouble
breathing, persistent pain in the chest, pneumonia, severe
acute respiratory syndrome, kidney failure, bluish lips or
face ( severe cases) and runny nose, cough, fever, sore
throat, shortness of breath(mild)[5].

Currently, the COVID—19 pandemic has no Vaccine nor
cure but in order to shove the spread, self isolation and
social distancing were advocated while the already
confirmed cases should be quarantined (isolated from the
entire society).

Consequent upon these known facts, we introduce the
idea of Mathematical model to examine the effectiveness
of the measures advocated and implemented to curtail
the spread of COVID—19. These measures were first
taken up by China at their Wuhan district, the epic center
of the outbreak. They placed a 76-day lockdown in the
city and this was able to reduce the number of new
infections/cases [7].

We obtain the threshold quantities Ro[7] and f5[7] the
former examines the average number of new infections
in a population by introducing a single infected person
while the latter observes the effect of the control
measures on

Ro.

The paper discusses the short and long term of impact of
the threshold quantities Roand£ with a view to support
the mandatory implementation of the control on the
populace or decline it.

This was carried out using the eigenvalue method [9] and
Castilo-Chevez [10] approaches for local and global
stabilities of a system.

2 Model Preliminaries, Development and
Analysis

Here we formulate a Mathematical Model that describes
the basic dynamics of Coronavirus infectious disease 19
(COVID—-19). We consider a total population N
partitioned into four distinct classes namely; Susceptible,
Exposed, Infectious and Removed classes denoted by
S,E,l and R respectivey.The dynamics within the classes
are as follows:

Individuals are recruited into the susceptible class at a
rate A and the susceptible become exposed to the
infection at a rate £ (otherwise known or referred to as
the force of infection), which significantly is the first
latency stage. After undergoing the second incubation
period which is about 8 days and counting away from the
first incubation period, the exposed individual becomes
a confirmed carrier of COVID—19 or infectious
individual at a rate a. The infectious die a disease
induced death at a rate ¢. The infectious individual
battles through with the strength of the immune system
and recovers at a rate y, thus becomes removed/immuned
(suggestive since the antibodies produced by the system
to fight the infection can stay up for more than one year).
The classes are reduced by mortality or Natural death
rate , .

On this premise, we present a chart (Figl) showing the
dynamics and the nonlinear differential equation (1)
describing the change at each class.

A-Sp-Ea-ly-R

Hpt

H+ou

Figl: Model (1)

Nonlinear system model (1)
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ds
dt
dE
dt
dI

dt
dR

dt
Nonlinear system model (1) with control (2)
Here we extend (1) by introducing two different control/preventive measures simultaneously. We assume that the
susceptible individuals that become prone to exposure to COVID—19 can be reduced through effective public
enlightenment on self isolation and social distancing at a rate 6, while the exposed and infectious individuals can be
separated/withdrawn from further spread within the society by getting them quarantined at a rate ¢.

= AfB SE—usS

B SE—(a+puE

ol —(y+p+o)l

vl — uR

)

ds

o= A8 SE—(0+p)S

|E

% =8 SE—(¢+a+pE

11

‘d—t = aB—(¢+p+6+)I

dR N

o = O0SHOE+ (64— pR )

2.1 Analysis for model (1)

The dynamical system analysis for model(1), with no control shows that the Disease free equilibrium is given by

E, = (S°, E°,I°, R°) = (%,0, 0,0)

@)
We obtain a threshold quantity Ro as
R — g S°

o =

o+, (4)

Note 1
I > S°and a > Y, then R.> 1 since increase in S increases a, but on the contrary R. < 1.

As the basic reproduction number increases that is R. > 1, then the Endemic equilibrium point (EEP) of (1) is given as

E, = (S E*.I"\R*) = (“’*"" A—pS* _oE ﬂ)

B TSt Tydptd p (5)
This can be rewritten as
_ * ® T* *Y S° H ol oy
B= (&I R) = (Ro’ﬁ (Fo = 1hg (v +p+9) (o =Dy (Yy+p+0) (& 1)). (6)

Note 2

From EEP (6) we see clearly that Endemic COVID 19 steady state exists only when R.> 1; at R.= 1, DFE coincide with
EEP. It follows that at R. = 1 there is a bifurcation ( that is R.= 1 is a bifurcation point).

We examine the short and long term dynamics of the disease by considering the stability of the system about the DFE
and EEP respectively.

So we investigate the stability of the steady states with respect to the threshold quantity R..
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Theorem 2.1 The disease free equilibrium point is stable both locally and globally if R. < 1.
Proof:
We show that all eigenvalues of the Jacobian of (1) evaluated at DFE has negative real part. The Jacobian is given thus

— 1 £ 8° 0 0
;o g E° (B S°—(a+p) 0 0
e 0 @ —(vy+p+d) 0
0 0 7y — (7)
The eigenvalues of the Jacobian (7) evaluated at DFE gives
M= —H
2= —H (8)
A3= S —(a+p)=(a+P)(R—1) 4= ~(y+H+9)

Thus DFE is stable provided 13 < 0 if R. < 1. This result implies that it is possible to eradicate Coronavirus disease if the
threshold quality, R. < 1 (that is less that one individual can be infected over a given time).
Lemma 2.2 Consider a model system written in the form

dx
= = KXY

o (X.,Y)

1Y

((T{ = M(X,Y), M(X,0)=0

Where X € <2)Y € <?and X. = (X;0) is an equilibrium of the system. Assume that
(H1) For % = K(X,0). X*js globally asymptotically stable;
(H2) M(X,Y ) =AY = M~ (X,Y ) >0 for X,Y € Q
Where the Jacobian A = 24, (X,0) is an N-matrix and Q is the region were the model makes biological sense.
Thus X.is globally asymptotically stable provide R. < 1.
Proof:
We show that (H1) and (H2) holds when R. < 1.
From model (1), X=(S,R) and Y = (E,I); X*=(S",R") The system,
8 SE —(a+ ) F
M(X.Y) = ( ok —(7(+,uljr)6)1 ) _
M(X,Y ) can be rewritten as
AY - M(X,Y)
. Where
A (d S—(a+u) 0 )
a ~(v+1+0) Jand M (X,Y) = BE(S - 9).
Obviously, M (X,Y ) > 0 since S"> S. Let us verify the global stability of the system
dX . A—puS
o = K(X,0) = ( R )
Proof:
K(X,0) is a system of linear ordinary differential equations whose solution yields
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A A
S(t) = = +[S(0)— —=]eH
() = S +I80)— e
R(t) = R(0)e ™
It follows that
) A o
lim () =7 =5
and

limR(t) =0 =R’ t—ow

. Therefore X+ is globally asymptotically stable. Hence DFE is GAS provided R. < 1. This shows that if R. < 1, there is
a significant possibility of complete elimination of COVID—19 from the system. However if nothing is done, and R.
grows above 1, then the exposure rate (or force of infection) increases leading to an increase in the number of individuals
testing positive (infectious individuals) .

Theorem 2.3 The EEP (5) is stable, if R.> 1

We show that the eigenvalues of the Jacobian of model (1) evaluated at EEP have negative real parts yields

B8 E*—pu B S* 0 0

g - g8 E* B S5 —(a+np) 0 0

T 0 o —(y+p+4d) 0
0 0 ¥ — (9)

To determine the eigenvalue, we solve the equation

[J.— Al =0
where 1 is the eigenvalue and | the 4 x 4 identity matrix.
Solving we obtain

M= —phde=—(y+P+9)

eV /?+(A+C+D-B)A+AD+CD-BC=0 (10)
Where A=pEB=pS,C=;D=a+p
Then

A4+C+D-B =83 EFf+pu+a+pu-8 5°
=0 [ =S1+a+2u

[e]

=7 LE(RO —-1)— S—] +oa+2p
L

R
_ 5 [Mp, o1 0tW R
= { ,:L (R, —1) R, f } +a+2u
= pRo—p—a—p+a+2u=puk, (11)

Also
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AD+CD - BC B (a4 p)E* — pS*] + pla+ p)

o

=4 [(a +pﬁ)jE(Ro —1)— #ji } + p(o+ p)
=7 "L[((;q+ ) (Ro —1) — %] + po+ )
= plla+p)(Ro —1) = (a+ p)] + pla+ p)
= plla+ p) (R — 1) (12)
Substituting (11) and (12) into (10), it reduces to
224 (UR)A+ h(a+ W((R.—1)=0 (13)

In (13) if R.> 1, then pR.> 0 and p(a + W(R-— 1) > 0.

Therefore (13)by Routh-Hurwitz criteria yields 13< 0 and A44< 0.

The above affirms that if R. > 1, the infection will continue to spread with time needing imminent attention from health
workers.

To illustrate possible action that could be taken to reduce the spread of COVID 19 outbreak we incorporated possible
control measures into model (1) resulting to model (2).

2.2 Analysis of model (2)

The disease free equilibrium (DFE) for the model is

A
Eye = (SLOEEICO~R?) - (_00

(0+p) " 0) (14)
The basic reproduction number for control model denoted byt is given as
d+oa+p (15)

When R.°> 1, we obtain a unique EEP (Endemic equilibrium point) in the control model.
The Endemic equilibrium point of (2) is given by

_ e * Tk * _ g 9 + H c o 9 + H C
E*C - (b('?E(:fIc’Rc) - (Rg 3 (RO )? O 1 5 n 5 +‘!.£ b? (RO l))
1,052 o0+ u) (¢ +7)ald+p)
—[5= + RS —1) 4~ e —
2 g (B ) R (R - 1)) (16)
To illustrate the effectiveness of the control, we compare/ts and R. to have
. B s A Re(a+p)
RS = - = T -
d+a+p O+ pn (p+a+p).S°

A (atp) p R
O+pu op+a+pu A°

— s .&-RO <R,

O+p o+a+p

Hence It; = Ro if 0 = ¢= 0, otherwise 1t < R. (for & and ¢ greater than zero).
This shows that incorporating control/ preventive measures (effective public and enlightenment on self isolation and
social distancing and quarantining of both the latency stage 1 (exposed/not confirmed but showing signs) and infectious
(full blown/tests positive) surely reduces the increase in the number of exposed cases and infectious (confirmed) cases

in the population.

(17)
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2.3 Dynamics with time for the control model (2)
To investigate the short and long term dynamics of the control model, we carry out the stability analysis. Theorem 2.4
The COVID-19 free equilibrium point of the control model is stable if/%5 < 1

proof:
It suffices to show that all the eigenvalues of the Jacobian of the control model (2) evaluated at the DFE has a negative
real part.
The Jacobian of model(2) is obtained as
B B —(0+p) B 5S¢ 0 0
g B E° B S —(o+a+u) 0 0
¢ 0 a —(p+v+p+d) 0
0 ¢ (@+7) ) (18)
Solving |[J.c— Al] = 0 evaluated at the DFE vyields the eigenvalues as
Moo= —p
Ae = —(0+p)
A3 = —(@+v+p+d)
g 52

M =B S —(p+a+p)=(d+a+p) )71]=(@+a+mmzfl)

(0+a+p
Clearly, A+ < 0if RS <1, Since 4’s i = 1,...4 are all negative, it follows that DFE is stable if 175 < 1.

This analysis shows that it is possible to eliminate or stop new infection in the system/society in the presence of controls
(when B <1) if the initial size of the population is in basis of attraction of the COVID—19 free equilibrium point.
Hence massive attention should be paid to the palliative (control) measures. However, if the control measures are not
effective enough and S continues to increase, it will be extremely difficult to reduce exposure and thus new cases of the
infectious become inevitable at this stage.

To gain more insight on the disease dynamics at the endemic stage of control, we examine the short and long term
conditions about the EEP for the model (2).

Theorem 2.5 The endemic equilibrium point of the control model is stable provided{? > 1,

Proof:

We show that all the eigenvalues of the control model evaluated at the EEP have negative real parts.

8 Er—(0+pn) A 5 0 0
[ 8 E? B SE—(o+a+p) 0 0
e = 0 o —(o+v+pn+d) 0
0 o (6+7) —n ) (19)
To determine the eigenvalues, we solve the equation |J.c — /] = 0 and obtained
M = M
do = —(p+ty+pto)
34 = )2+ (A~+C+D*—B?)A+AD+CD~BC*=0 (20)
Whered* 8 E; B =8 S C"=0+u; D*=¢+a+u

Then
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A+ C*"+D*-B* =8 EF+0+p+op+at+puf S*
=p [E-S+0+d+a+2u

o

S .
B R - = 2] 4o+ ora+au

IS o

i 8+}"L o4 (O+a+#)
=# [_5 (Fo—1) - B RS
O+p)R—0—p—d—a—p+0+d+a+2u=(0+u)R;, (21)

R;] +0+¢+a+2u

Also
A*D*+C*D* - B*C" = (¢+a+1d El+(p+a+p)(0+u)— 0+ S7)

=8 (@ +a+mE: = 0+ m)S:)+ (0 +m)(6+a+pn)

(P+a+p), (¢ + o+ p).ItS
= 0+ [ ) - e
O+ (¢ +a+p) (R —1) = (d+a+ )]+ 0+ p)(o+a+p)
= O+ p(¢+a+np) (R - 1) (22)
Substituting (21) and (22) into (20), reduces to
A (0 + RN+ (0 + p) (6 + a+ p) (R —1) =0 (23)
In (23) if R.°> 1, it follows that (6 + W)R>0and (6 + p)(p + o + W)(RL—1) > 0.
Therefore (23), by Routh-Hurwitz criteria has two solutions of 4 < 0 (that is 3< 0 and 44< 0). Since A’s i = 1,...4 are
all negative, then the model is locally stable at EEP.
This result shows that if the control measures are ineffective (people down play self isolation and social distancing and
the individuals at latancy/incubation period 1 and infectious people are not well quarantined) such that R.°> 1, the
COVID—-19 infection will remain in the society.

| +@+m@+a+n

with the virus by a single carrier. Suppose R.> 1, we also

3 Discussion proved it is obvious that there is a continuous spread of
The novel Viral infection, commonly called the virus in the system. _ _
»COVID-19” has held the world at a stand still. Next we extended the model by incorporating two
With close to two million confirmed infectious and control measures (public enlightenment on self isolation
above eighty thousand death recorded across the globe and social distancing and quarantining the exposed and
done to alleviate the menace or stop the surge outright. revealed the possibility of eliminating COVID—19 from
of COVID—19 using mathematical model. RS >1, we discovered that the COVID—19 pandemic
Formulating the model which describes the dynamics in remains established in the system.

analysis, computing the threshold quality, R.. We also (control) have significant impact on reducing the spread
proved that the COVID-19 free equilibrium point is of COVID-19.

locally and globally stable when R. < 1 showing that the 4 Conclusion

infection can be reduced irrespective of the initial COVID-19 has and have continued to stifle existence
population size provided less than one person is infected across the globe. Since the outbreak, effort put in place
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to suffocate the spread had failed but for public
enlightenment on self isolation and social distancing and
guarantining of the infected individuals.

This work supports that these measures are very effective
in reducing the trend of spread which also suggests that
the exposed individuals (those who show signs after 5
days) be quarantined also.

With these indeed, there is a resounding decrease in the
number of new cases in general except for countries that
do not want to take up the measures.

The reaction lies with the government to make policies
that must insist on effective public enlightenment (self
isolation and social distancing) and quarantining or take
it up with laissez-faire attitude and the COVID-19
[7] diseases. Applied Ecology and Environmental
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spread will multiply more than influenza when it first
broke out and may take more lives in due course.
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